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RBF network
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cn . . . network centers
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RBF networks (cont.)

• Fixed centers (on hyper-grid)

• Fixed BF (Gaussian, same variance)

• Regularization

– Regularization of matrix inversion during net-
work learning

– Generalized Regularization Networks (GRN,
Poggio&Girosi 89)

– Bayesian regularization (MacKay 92)

– Relevance Vector Machine (Tipping 01)
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Data model
Data model:

ti =
Nc
∑

n=1

wn ϕn(xi) + εi, p(ε) = N (0, σ2)

• Training data: input xi (dimension D), and
output ti, i = 1 . . . P

• Network parameters

– Nc and ϕn() (fixed)

– w = [w1, w2, . . . wNc]
T (unknown)

• Noise variance σ2 (unknown)
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Data model (cont)

• w and σ2 are random variables

• ϕn() are Gaussian

• Prefer small weights (regularization/weight decay)

p(w|α) =

(

α

2π

)−N
2
exp

(

−
α

2
‖w‖2

)

• Prior pdf for hyper-parameters σ2 and α

p(α) =

{

∝ 1
α α > 0,

0 α ≤ 0.

Bayesian learning:
Find parameters that maximize p(w, α, σ2|t)
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Bayesian training

p(w, α, σ2|t) = p(w|t, α, σ2) p(α, σ2|t)

p(w|t, α, σ2) = (2π)−
N
2 |Σ|−

1
2 e

(

−1
2(w−µ)TΣ

−1
(w−µ)

)

Σ = (
1

σ2
Φ

T
Φ + αI)−1,

µ =
1

σ2
ΣΦ

T
t (1)

ŵbay = µ
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Bayesian training (cont)

p(α, σ2|t) ∝ p(t|α, σ2) p(α) p(σ2)

Maximizing leads to update equations for the hyper-
parameters

αnew =
γ

µTµ
,

(

1

σ2

)new
=

‖t − Φµ‖2

P − γ
,

γ = Nc − α Trace(Σ). (2)

Eqs. 1 and 2 are iterated until hyper-parameters con-
verge.

INSTITUT
FÜR NACHRICHTENTECHNIK
UND HOCHFREQUENZTECHNIK

Erhard Rank
12. 5. 2003

– 8 –



Relation to regularized RBF
networks

Besides the weights ŵbay the Bayesian training algo-
rithm provides

• Regularization factor λbay = α σ2

compare eq. 1 to regularization:

– Regularized pseudo-inverse

ŵreg = (ΦT
Φ + λI)−1

Φ
T

t

– GRN

ŵreg = (ΦT
Φ + λΦ0)

−1
Φ

T
t

• Estimate of noise level σ2

• Needs no cross-validation (all training data can be
used)
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Relation to relevance vector
machine

• Same priors (w, α, σ2)

• Same optimization

• Only one α (variance of all weigths)

• No pruning
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Oscillator model

f (x[n])

M M 1

x[n+1]

x[n]

• Modeling oscillatory systems

• f(x[n]) . . . RBF network

• Rules to optimize embedding parameters M and D

(dimension of x[n])
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Lorenz system

dx(t)

dt
= −σx(t) + σy(t),

dy(t)

dt
= −x(t)z(t) + rx(t) − y(t),

dz(t)

dt
= x(t)y(t) − bz(t).

Parameters: σ = 10, b = 8/3 and r = 28
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Lorenz system (cont)
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• Need regularization (Haykin&Principe 98)

• Does Bayesian training work (compared to cross-
validation)?
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Lorenz system (cont)

Oscillator model with RBF trained for varying SNR, with
different embedding dimension N and number of net-
work centers per dimension K
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Lorenz system (cont)

Reconstructed signals, N = 3, K = 4 (64 centers):
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Lorenz system (cont)
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Lorenz system (cont)

Invariant measures, dE = 3 (since dc < 3)

SNR (dB) λ1 λ2 λ3 dKY

40 +2.13 −1.89 −6.39 2.04
35 +2.14 −2.05 −6.16 2.01
30 +2.29 −2.13 −6.32 2.02
25 +2.30 −2.28 −5.98 2.0

original +2.80 −0.27 −6.32 2.4

analytic +0.906 0 −14.575 2.06

C. f.: un-regularized RBF (Haykin&Principe)
dE = 5, λ = [13.2,5.9,−3.1,−18.0,−47.1]
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Lorenz system (cont)
Comparison to cross-validation (SNR = 25 dB)

λ (training length P )
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Speech
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Speech (cont)

voiced /a:/ /E/ /o:/
SNRbay (dB) 25.4 29.8 36.1

λbay 2.210−4 3.310−1 1.510−3

mixed /w/ /Z/ /z/
SNRbay (dB) 19.1 12.7 4.9

λbay 9.910−2 2.410−1 2.9

unvoiced /s/ /f/
SNRbay (dB) 5.5 0.39

λbay 2.0 88

Amount of regularization correlates with unvoiced exci-
tation
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Speech (cont)
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Speech (cont)

Audio examples:

• /o/ original/modeled

• /v/ original/modeled

• /Z/ original/modeled

• /s/ original/modeled

More examples on
http://www.nt.tuwien.ac.at/ erank/work.
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file:/home/erhard/projects/Diss/Sig/o.wav
file:/home/erhard/projects/Diss/Sig/synth_N4_M13_K4_Nlpc26/o_out.wav
file:/home/erhard/projects/Diss/Sig/w.wav
file:/home/erhard/projects/Diss/Sig/synth_N4_M13_K4_Nlpc26/w_out.wav
file:/home/erhard/projects/Diss/Sig/Sch.wav
file:/home/erhard/projects/Diss/Sig/synth_N4_M13_K4_Nlpc26/Sch_out.wav
file:/home/erhard/projects/Diss/Sig/s.wav
file:/home/erhard/projects/Diss/Sig/synth_N4_M13_K4_Nlpc26/s_out.wav
http://www.nt.tuwien.ac.at/~erank/work


Summary

• Bayesian training of RBF networks

– Iteratively assigns amount of regularization

– Estimates noise level

– No cross-validation data

• Models chaotic behavior of Lorenz system

• Models voiced part of speech signals
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