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e SHORT-Time FOURIER TRANSF.

v(n) v(n-K)  v(n-2K)

SO S AT ticiit a1l rases

n

figure 1: STFT processing in time

time — frequency plot = Spectogram

m = center of the window v(n)

EY

/ :
figure 2: spectogram
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Definition:

o0

X srer (eja’, m): D x(nv(n—m)e "

N=—o0

m . . . time shift — variable
( typically an integer multiple of some fixed integer K)

w...frequency —variable — 7 < W<
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¢ Interpretation using Bandpass Filters

Traditional Fourier Transform as a Filter Bank

(LTI System H(e!?®)

xin]——r{i }____’sinl

e-i“’n”
(Modulator)

s(n) = yin)

] bl

figure 3: Representation of FT in terms of a linear system

1. Modulator € 1°" - > performs a frequency shift

2. LTI System H(e¥”) : > ideal lowpass filter
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Why is H(ej”) an ideal lowpass filter ?

Impulse Response h(n) =1 forall n

> e SR 2 e)  rca<s

N=—o0

- only zero - frequency passes
- every other frequency is completely supressed

y(n)=X (ej”" ) for all n

. Georg Holzmann, Christian Wallinger 12.06.07 Wavelet T. - Relation to Filter Banks

6



TU

SPSC — Signal Processing & Speech Communication Lab Grazm

STFT as a Bank of Filters

- Expansion of Definiton for further insight!

X srer (ej‘”, m): e ™ " x(n)v(n—m)elem

N=—00

with:
v(n—m)e!”™™ =y(—(m—n))e’""

> Convolution of x(n) with the impulse response of the LTI — System v(—n)e!*"
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i toin)
LTI system with .
x(n) —{ impulse response ¥oin) = Xs1ey (@'?0,n)
v(-n)e!@oN
E—j-ﬂul"l
(Modulator)

figure 4: Representation of STFT in terms of a linear system

In most applications, v(n) has a lowpass transform V(e/w).
9 -
v(-n) o—o V(e™*)

V(_n)eja)on 0 0 V(e_J(a)_a)O))
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figure 5: Demonstration of how STFT works
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In practice, we are interested in computing the Fourier transform at a discrete
set of frequencies

20wy <w,;<..<w,,<2m

Therefore the STFT reduces to a filter bank with M bandpass filters

2x

— - -
Hqo H; H, Hye Ho  Vie?®) = Hqle!®)
o bt T e VIR o
: tyln)
x(n) —> » Hof2 Yoln) = X grpr(e!®0,n)
J E—]&ﬂh
r

H,(2)

L]
w
-
’ 35
x
-] :":
L
e
-
s ¢
-
-:n-.
=
»
]
—
-
)
2

i Ly ()
“M_:'IZ] X - YM_1{nj = xETFT{Eij_"'m
n-—iﬂ-hq__'|n

figure 6: STFT viewed as a filter bank
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Uniform DFT bank

If the frequencies w, are uniformly spaced, then the system
becomes the uniform DFT bank.

The M filters are related as in the following manner

H, (z) = Hy(zW*) 0<sk<M-1  w=e'™m

) 27
~22k
(o M )

>  H.(e)=H, e H,(e') =V (e ')

- The uniform DFT bank is a device to compute the STFT at uniformely
spaced frequencies.
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if passband width of V(e®) is narrow

—> output signals y,(n) are narrowband lowpass signals

this means, that yk(n) varies slowly with time

According to this variying nature, one can exploit that to decimate the

output.

Decimation Ratio of M = moving the window v(k) by M samples at a time

if filters have equal bandwidth o) ——p—] Hga) |

* lng

*gin)

b '5-ulr'ﬂr|1
o 1¥gM"

> n =M

H,l2)

i

%, (n}
]—-.r-x 'f,l[n,lrll

- maximally decimated analyses bank

g-ioymyn

1 Hyy 4 (2 = § M-

#M_}Hn'

—"'{ i ) e (YR YRL
P TR

figure 7: Analysis bank with decimators

. Georg Holzmann, Christian Wallinger 12.06.07

Wavelet T. - Relation to Filter Banks

12



SPSC — Signal Processing & Speech Communication Lab

Grazm

Time - Frequency Grid

Uniform sampling of both, ‘time’ n and ‘frequency’ o

4 Time
@
.
in
2M O =ME
M e a9
0 %
0 @y |9, @4 Frequency @
._M —— 4 o al
-2M

figure 8: time — frequency grid

Time spacing M corresponds to moving the window M units ( = samples ) at a time.

frequency spacing of adjacent filters =
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Inversion of the STFT
From traditional Fourier — viewpoint

) Q- (e o m) is the FT. from the time domain product
X(n)v(n—m)

27
x(Mv(n —m) :% [Xser (e me " de
0
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Another inversion formula is given by:

1 2/ o . ) -
X(n) = Py ! mZOOXSTFT (el ,m)\/ (n — m) e dw
which is provided by Y M(m)’ =1

if > M(m)’ %1 but finite> divide right side of the formula by > (m)’

but if window energy is infinite = one cannot apply this formulation
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Filter Bank Interpretation of the Inverse

With F, (z) as synthesis - filter
Reconstruction can be done by the following synthesis bank:

$no

-

Folz)

Xnin)
‘Fn{nnn] 0
e!%"g"

X4 (n)

tn

F,(2)

y1in 1n]
el®Mn
L]
-
L]

Xpa—1n)

vM_1{nM_1n}

1‘”M_1

FM-! (z)

{Un)

2! Dpp-1"p-1 "

figure 9: synthesis — bank used to reconstruct x(n)

typically n, = M for all k
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The z — Transformation of )?(n) is given by

-> X[ (o)

in time — domain

M-1 o
)=> > % (m)f (n—n,m)
k=0 m=—o0
M-1 o _
= Z Y« (nkm)ejwk(nkm) fk(n - nkm)
k=0 m=—o0

y(n.m)...STFT — Coefficien ts

Reconstruction is stable, if the filters F, (z) are stable!

Perfect reconstruction will be obtained, if X(n)= x(n)
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Basis Functions and Orthonormality

Functions of interest

N, (N)= f (n—n,m)...basis functions

For these double indexed functions ( basis functions {n,.,(n)} ),
the orthonormality property means that

Z fk*l(n o nklml)ka(n N nk2m2): 5(k1 - kz )5(m1 o mz)

N=—o0

should be zero, except for those cases where k; =k, and m, =m,
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The Continuous - Time Case

Main points:

o0

Kerm (1007) = XMt e # ot (STFT)

—0o0

x(t)v(t—z)zi j Xeer (jQ7)dQ  (inv. STFT)

X(t)= ;{Tﬁ Xgrer (JQ, TNV (t—7)d r]ejmdQ (inv. STFT)
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Choice of “Best Window”

R, M. S duration of window function v(t) in

oot ean ““quare

e domain D, frequency domain Dy
17 1
2 _ * 12,2 D2 = QZ e
D, Ejt v2(t )t =) V(@) de
with:

E ...window energy E = '[vz (t )dt

Uncertainty principle:
DD, >20.5

Iff Gaussian — window, this inequality becomes an equality !
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Filter Bank Interpretation

L T | system with

T p— impulse response Yilt) = X orer (92,0
vi-t) elf2,1

o ift
(modulator)

4
LA N
- I '-
n] nz e as Q
figure 10: continuous — STFT
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e THE WAVELET TRANSFORM

Disadvantage of STFT
uniform time — frequency box (Dt =const., D, = Const.)

- The accuracy of the estimate of the Fourier transform

is poor at low frequencies, and improves as the frequency increases.

E— Expected properties for a new function:
» window width should adjust itself with ‘frequency’

» as the window gets wider in time, also the step sizes for
moving the window should become wider.

These goals are nicely accomplished by the wavelet transform.
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Passing from STFT to Wavelets

Step 1:
Giving up the STFT modulation scheme and obtain filters
h (t)= 2™ h(a‘kt) a>1...scaling factor, k =integer
in the frequency domain:
; K :
H, (jQ)= a’? H(JakQ)

- all reponses are obtained by frequency — scaling of a prototype response H ( jQ)
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Example:

Assuming H (jQ) is a bandpass with cutoff frequencies a and £.

Also a =2, f = 2a and the center frequency should be the geometrical
mean of the two cutoff edges

Q =2"Jap —a272

o

i

ha

R
Y

figure 11: frequency — response obtained by scaling process

. Georg Holzmann, Christian Wallinger 12.06.07 Wavelet T. - Relation to Filter Banks

24



TU

SPSC — Signal Processing & Speech Communication Lab Grazm

Ratio:

bandwidth 2 (B-a) 1

center — frequency Q,  2*.Jaf 2

is independent of integer k

In electrical filter theory such a system is often said to be a ‘constant Q’ system!

center — frequency

(Q ... Quality factor Q = bandwidth

)
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—> filter ouputs can be obtained by:
_k o
a2 e % [x(th(a™(r —t))t

Step 2:

kT — bandwidth of H,(jQ)! — Samplerate |

or in time domain

kT — windowlengthT — stepsize?
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Therefore:
r=na‘T n...integer, a“T...step size

hence:

h(a‘k (nakT —t))z h(nT = a‘kt)

Summarizing, we are computing:

X our (K, ) _/I Jh(nT —a*t)dt

Sample

(1 —'—I—' Holi2) MatnT [ Xpwrl0.n)

Sample >

[ H,(iq) =3{2I'IT Xpwrll.n
Y
9 f'am
: o ple
) *—- Hylin) + ;t 4nT > X owrl2.n)
_ k )d : ;
X our (K, 1) = j x(t)h, (na*T —t)dt : i 2
—00 coefficients
figure 12: Analysis bank of DWT
DWT...Discrete Wavelet Transform
. Georg Holzmann, Christian Wallinger 12.06.07 Wavelet T. - Relation to Filter Banks
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Time Frequency Grid

A
t
(time)
#
L]
L]
41
2T - —
; =
_h,
110 Q ﬂn
4 2 Q(frequency)
figure 13: time — frequency grid
D,D; = const.
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General Definition of the Wavelet Transform

X cur (P,0) = fj [ jdt

p.q ... real — valued continuous variables

According to former definition:

p=a g=a“Tn f(t)=h(-t)

. Georg Holzmann, Christian Wallinger 12.06.07 Wavelet T. - Relation to Filter Banks

29



TU

SPSC — Signal Processing & Speech Communication Lab Grazm

Inversion of Wavelet Transform
X(t) = ZZ X owr (k’ n)Wkn (t)
K n
where ¥/, . (t) are the basis functions

Filter Bank Interpretation of Inversion

Reconstruction of x(f) as a designing problem of the following synthesis filter bank

X our(k,n) ... sequence xnmm-"l—'@—"“

F.(jQ) ... continuousintime I

—> output of synthesis filter bank :

Xnmrrtﬁ,n]—-" leli Q) f——ey

>2(t):Zk:;XDWT(k,n)fk(t—aknT) . v

L
-

figure 14: synthesis bank
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All synthesis filters are again generated from a fixed prototype synthesis filter
f(t) ( 2 mother wavelet )

f(t)=a 2t (a*t)
Substituting this in the preceding equation and assuming perfect reconstruction, we get
X(t)=>"> Xour (K, n)a 2 f (a*t-nT)
K n

with:
wit)=1t) - v, ()= a_%y/(a‘kt —nT)= a_%w[a‘k (t—na*T)] ...setof basis functions

using this, we can express each basis function in terms of the filter fk(t)

Wkn(t) =T, (t - nakT)
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Orthonormal Basis

Of particular interest is the case where {l//kn (t)} is a set of orthonormal
functions

Therefore, we expect:

_Twzn (t)‘)”lm (t)dt = 5(k — |)§(n _ m)

using Parseval’'s theorem, this becomes

o [, (10, (100 = 5k ~o(n-m)

and get :

Ko )= [t 0
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Comparing these results, we can conclude:
*( Ak
Wkn(t): h, (a nT _t)

And in particular for k =0 and n = 0:

¥ o0 (t) = l//(t) = h*(—t) —> for the orthonormal case - fk(’[)= h*k(—t)

Discrete — Time Wavelet Transform

Starting with the frequency domain relation and a scaling factor a = 2

Hiz)
. . Ak . - - .
Hk(e‘“’): H(e12 “’) ...k isanonnegative integer I TROY e COURRTORNGH
0 x/2 x 3x/2 in .o
. JCU Hiz%)
for highpass Hle'“ Jand k=1, k=2 : , ] worh vin
ol /2 = 3x/2 ix @
I Hiz*)
figure 15: Magnitude responses
. Georg Holzmann, Christian Wallinger 12.06.07 Wavelet T. - Relation to Filter Banks
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Let G(z) be a lowpass with response

'
G(z)
b ! -
0" x/2 T w
figure 16: Magnitude — response of G(z)
Using QMF — banks or its equivalent
X4fn)
= fie]-+ s e
. & d
in}
r Glz = l? > HZ — 12 —,(n) " H(2) | 22 lEI — y,(n)
&
: . | ! X,(n)
Gl2 » l2 —_ Hizl > 42 rninl' > HIL{] ____I'_- iql _F‘r]‘":'
4
dn) Hiz) = |2 +Y,(n) %.(n)
L 0 x(n) —>—+——n H,(2) M lE —I-}'D[nl
) Level 1 Bes Level 2 i Level 3 ’
figure 17: 3 level binary tree-structured QMF figure 18: equivalent 4-channel system
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Responses of the filters H (Z), G(Z)H (Z 2 ), G(Z)G (Z 2 )H (24 ), ......

H(zY6(zAG(z) -
H{z€)Glz)
H(z)
/ /

Z
v ' /

|
I

i} z/2 T

ey

figure 19: combinations of H(z) and G(z)

Defining the Discrete -Time Wavelet Transform

Y, (n)= ix(m)hk (2"+1n—m), 0<k<M-2

Mm=—o0

Yma (n) = Z X(m )hM -1 (2 - m)1 (DiscreteTimeWT )

M=—o0
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Inverse Transform

Yol — 42—+ G |
¥ (n) —— 12 » Hglz) |+ = 1'2 » Ggl2)
 J
yqin) > 1‘2 » Hold) > > Tz > Ggla) I
Yofnl > Tz HS{?.'I lil‘ﬁ
< Level 3 g < Level 2 =2 Level 1 X
v,(n)
3
y4(n) ——» 1‘3 e Faiz] >
V,in) 1
Yo(n) = Ta —s F,02 4
Y
v4(n)
y, (0 — 44 F, )
vﬂ{n}
A
Yo(n) —* 12 " Fol) ——e—> Xin)

Fo(2)=H,(2) Fi(z)=

figure 20: synthesis filters

HS(ZZFS(Z)’
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For perfect reconstruction )A((n) = x(n) We can express

X(z)=F,(2)Y, (22)+ Fl(z)Yl(z“)Jr A Fy (2, (ZZM_l )+ FM_l(z)YM_l(ZZM_l)

and in time domain:;

o0

@)=5 S vt -2 m)s 3y sty -2"m)

k=0 m=-—o0 Mm=—o0

. Georg Holzmann, Christian Wallinger 12.06.07 Wavelet T. - Relation to Filter Banks

37



TU

SPSC — Signal Processing & Speech Communication Lab Grazm

Main References

Multirate Systems and Filter Banks

(Prentice Hall Signal Processing Series)

by P. P. Vaidyanathan
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Thank you for attention !
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