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Optimum Detection Theory

» Goal:
Minimum achievable probability of error

Serves as a baseline of comparison for suboptimum
detectors

* Main principels:
Individually Optimum Detector

Minimizes probability of error for one user

Jointly Optimum Detector

Minimizes probability of error for all users

Optimum Detection Theory

» Example:

A posteriori probabilities (APP) for two users
transferring one bit each:

Pl(+1,+1)[{y(t), 0 st<T}]=0.26
PI(-1,+1)|{y(t), 0 <t<T}] = 0.26
P[(+1, -1)[{y(t), 0 <t< T} =0.27
PI(-1, -1)|{y(t), 0 <t < T} =0.21

— Individually optimum detector: (+1,+1)

— Jointly optimum detector: (+1, -1)




Optimum Detection Theory

The single user matched filter is the optimum
detector, if the detector only knows y1.

The optimum receiver knows all used waveforms,
timings and amplitudes of all users and the noise
level.

Jointly optimum, synchronous channel

Two-user synchronous channel:

y(t) = A1bys(t) + Asbaso(t) +on(t), t € [0,T]

The four possible (b,,b,) are equiprobable:
11 = Aysy + A5y
Io9 = 4-*"11.5‘1 — rlg%z
ry = —A151 + A5,

g = —4-*'1181 — 44252




Jointly optimum, synchronous channel

Demanded is the pair (b,,b,) that maximizes:

fly(t),0 <t <T|(bibe)] =
1 .
exp(—5— /OT[;;(f..} — Aibysi(t) — Agbaso(t))*dt)
20 '

It can be expressed as:

fly(t),0 <t <T|(bibe)] =

1 rlf + rl% 1 7 5
XD ——C29(b1. 0o))exrn(———— S earp( ——— “(t)dt
exp( 02__3{(_;1.{;3”64 Pl 52 Jexp( 52 Jo Y- (t)dt)

Jointly optimum, synchronous channel

— Maximize Q,:

&22(()1. E')g} = [Jlfhyl + i')gflgyg — f_)lf_)gfllflgf)

If min{A;ly4|, Asly,l} 2 AAP|

b = sgn(y)
by = sqn(ip)
Otherwise
by = sgn(Ayyr — sgn(p)Asiys)
by = sgn(Asys — sgn(p)Arys)




Jointly optimum, synchronous channel

Decision regions for the single user matched filter detector:

Left: A, = A,, right: A, =6A,, Figures taken from [1]

Jointly optimum, synchronous channel

Decision regions for the jointly optimum filter detector:

1%

Left: A, = A,, right: A, =6A,, p=0.2, Figures taken from [1]




Jointly optimum, synchronous channel

Dependency from Crosscorrelation:

Left: p=0.2, right: p=0.8, Figures taken from [2]

Jointly optimum, synchronous channel

A possible implementation:

Ny

4,@_) Z; Y :@ __!l_ =
) I]Q
Hi %ﬁ [ : N/ ff]“
55(1) 4,
e[|

~ 1 1
by = sgn(Aryi+5|Asya— A1 Aop| 5[ Asyp+ A1 Agp))
| 1 1
by = Sgn.(Agyﬁg\ﬂlyl—A-lAgp\ —3|Aly1 +A1Asp|)

Figure taken from [1]




Jointly optimum, synchronous channel
p
K-user channel: y(t) = Ail Apbrsi(t) +on(t),t € [0,T]

b =[b....b]"

b has to be jointly optimum demodulated and therefore
maximize:

1 K .
exp(—=— fy [y(t) - 2 b Arsi(t))dt)

0

Jointly optimum, synchronous channel

As in the Two-User case, this leads to the maximization of a
parameter Q:

()(b) = 2b’ Ay — b’ ARAD

Y are again the matched filter outputs,
A =diag{A,,..., A}

— time complexity O(2K), can be reduced when certain
restrictions on R are imposed.




Individually optimum, synchronous channel

This detector maximizes the symbol-wise APP of b,:
P(byly(t))

P(bely(t)) =Y | Pbe,bilu(t))
The solution to the resulting maximization problem is:

g2 cosh( —17 (Agys + A1A9p))

by = sgnly; — In
' . le 241 cosh( (==l 42(}) — 414)/)

_q

q

Individually optimum, synchronous channel

A possible implementation:

4,
iy p
Y1) —= —
0

Hi

The nonlinearity is: fo(z) = o*log(cosh( (=)
o=

Figure taken from [1]




Individually optimum, synchronous channel

Decision regions for the individually optimum detector:

o+t

Figure taken from [1]

Individually optimum, synchronous channel

Since lim fo(x) = |2]

o N
fo(7) = 0*log(cosh(—))
2

i [ o2 I (’Zf().ﬂf?..(;a—lg(flgyg + A1Asp))
hi = sgnly; — ——In ek -
Iy 24, (_'I.'O.‘:;’h..{gl-j( Asyyg — A1Asp))

we see that, with increasing SNR, the individually and the
jointly optimum decisions converge.




Individually optimum, synchronous channel

The solutions converge with growing SNR:
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Figure taken from [2]

Jointly vs. Individually optimum detector

Jointly optimum decision independent from noise

Individually optimum detector easier to define, but a
closed-form solution for an arbitrary number of users

not achievable

Individually optimum solution converges to the
jointly optimum one for high SNR

Therefore, the jointly optimum detector is usually

N
referred to as the ,optimum detector

Hard/Soft Decisions possible for further assessment




Optimum Detector for Asynchronous Channels

In the asynchronous channel, an optimum detector has
to observe all the bits of a frame transmitted by every
user:

| |
o Bi12] o B[] b 0 . B[ b
User | :_2; I = ! o 6i10] 7 O[] :2T 1 [2] :3;r
User2  b— — Il - L N :
=27 p.[-21 T- s | +T p, 2T ., +37
a2 V)T bl by[1] b[2] T

b,(0) requires knowledge of b,(0) and b,(-1) etc.

Figure taken from [1]

Jointly optimum, asynchronous channel

K-user, M-frame (M+1 bits / frame) asynchronous
channel can be treated as a K(2M+1)-user synchronous
channel.

Three-User-Example:

K=3, M=1 (2 bits transmitted per user)

b =[b,, b,, bs, b, bs, bg]",  b,=b,(0), b,=b,(1), etc.

A = diag(A, A,,..., Ag)




Jointly optimum, asynchronous channel

Assuming that the time delays between users are less
than one symbol inervall, the correlation matrix is:

L por p13 O 0 O
par L pag pog O 0
R_|Psp2 1 opaapss O
0 pa2 pss 1 pas pas
0 0 P53 P54 1 056

0 0 0 pes pes 1

As stated before, the optimal solution has to maximize

((b) = 2b’ Ay — b’ ARADb

Jointly optimum, asynchronous channel
Goal: Use of the Viterbi Algorithm to solve the problem

— Q(b) should depend only on a state vector x;and b,

QO(b) = 224" Y A by, — b ARAD

— Find qi(x;, b;), so that

Ni(x5,b5) = Ajbjy; — (x5, b))




Jointly optimum, asynchronous channel

AJ- can be found as:

a;(x;.b;) = b" ARAD
ai(x:,b:) = Abi(Ab: + 270 A X))
i\ X, Vy) = A505(4595 T 2 Py 45X

— i i T
P ;= Pi-2j Pi-1,4]

X‘? - U”j—Q hj—]_]T

Jointly optimum, asynchronous channel

The Trellis diagram (for a numerical example):
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Grey: rejected branches
Solid: input bit 1, Dashed: input bit O

Figure taken from [2]
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