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Figure 3: Evolution of MSE: Feintuch’s algorithm (dashed

line), Algorithm #1 (dotted line), and Algorithm #2 (solid

line), ay = 0.05, a3 = a2 = 0.5.

where d(i) = wit; and U; = [d(i — 1)---d(i — N)
z(i) - o(i — M +1)]7, respectively.

Figure 3 depicts the evolution of the MSEs for the three
adaptive filters on these signals, where wo = [0 0 0]7 for
each algorithm. Because the unknown system is not SPR,
Feintuch’s algorithm fails to estimate the output of the sys-
tem, whereas both of the proposed algorithms provide excel-
lent convergence characteristics in this case. These results
indicate that the positiveness of c(l)(i) and the strictly-
positive-real nature of Ci(e_w) are maintained for Algo-
rithms #1 and #2, respectively, for all time instants for
the choices of initial coefficients and step size values. These
results also indicate that the proposed algorithms are not
restricted for use with only a subclass of possible TIR sys-
tems, such as SPR systems.

We now repeat the above experiment for an initial co-
efficient vector of wo = [-1 — 0.25 1]7. Figure 2 shows
the behaviors of the instantaneous squared errors for Algo-
rithms #1 and #2, in which it is seen that the behaviors
of the proposed algorithms are quite different in this case.
Although Algorithm #1 provides convergence of the coeffi-
cients to their optimum values, the initial condition chosen
for these experiments yields c(l)(O) < 0, and thus this adap-
tive filter exhibits divergent behavior initially. However, the
coefficients eventually fall into a state whereby c(l)(i) > 0,
and the algorithm becomes convergent again. Our choice
of initial coefficients causes Cy(e™’*) for Algorithm #2 to
be non-SPR, however, and this second adaptive filter never
recovers from its divergent condition. These results are ob-
servable even for smaller step sizes, indicating that the be-
haviors are not due to a large step size choice.

4. CONCLUSIONS

We have analyzed the robustness of two new algorithms for
unbiased adaptive FIR filtering in the presence of zero-mean
output noises. Our results indicate that the algorithms are
locally asymptotically stable about the optimum coefficient
solutions. However, the stabilities of the algorithms depend
on both the unknown system and the state of the adaptive
systems, and it is possible to obtain divergent behavior from
each algorithm for certain combinations of unknown sys-
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Figure 4: Evolution of (i) for non-zero initial coefficient
values: Algorithm #1 (dotted line) and Algorithm #2 (solid

line), a3 = a2 = 0.05.

tems and coefficient initializations. Owur analysis method
can be used to quantify the nature of these instabilities,
allowing their effects to be carefully studied, and the re-
sults suggest that zero initial coefficient values often yield
good adaptation characteristics. Simulations for a three-
parameter model indicate the accuracy of the analytical re-
sults.

REFERENCES

[1] S.C. Douglas and M. Rupp, “On bias removal and unit-norm
constraints in equation-error adaptive IIR filters,” presented at
30th Ann. Asilomar Conf. Sig., Syst., Comput., Pacific Grove,
CA, Nov. 1996.

[2] P.A. Regalia, “An unbiased equation error identifier and
reduced-order approximations,” IEEE Trans. Signal Process-
ing, vol. 42, no. 6, pp. 1297-1412 June 1994.

[3] M. Rupp and A.H. Sayed, “A time-domain feedback analysis
of filtered-error adaptive gradient algorithms,” IEEE Trans.
Signal Processing, vol. 44, no. 6, pp. 1428-1440, June 1996.

[4] AH. Sayed and M. Rupp, “Error energy bounds for adaptive
gradient algorithms,” IEEE Trans. Signal Processing, vol. 44,
no. 8, pp. 1982-1989, Aug. 1996.

[5] B. Widrow et al., “Stationary and nonstationary learning char-
acteristics of the LMS adaptive filter,” Proc. IEEE, vol. 64, no.
8, pp. 1151-1162, Aug. 1976.

[6] M. Rupp, “The behavior of LMS and NLMS algorithms in the
presence of spherically invariant processes,” IEEE Trans. Sig-
nal Processing, vol. 41, no. 3, pp. 1149-1160, Mar. 1993.

[7] S.C. Douglas and W. Pan, “Exact expectation analysis of the
LMS adaptive filter,” IEEE Trans. Signal Processing, vol. 43,
no. 12, pp. 2863-2871, Dec. 1995.

[8] P.E. Mantay, “Convergent automatic synthesis procedures for
sampled data networks with feedback,” Tech. Rep. SEL-6773-1,
Stanford Univ., Stanford, CA, Oct. 1964.

[9] K. Steiglitz and L.E. McBride, “A technique for the identifica-
tion of linear systems,” IEEFE Trans. Autom. Control, vol. 10,
pp. 461-464, 1965.

[10] P.L. Feintuch, “An adaptive recursive LMS filter,” Proc. I[EEE,
vol. 64, no. 11, pp. 1622-1624, Nov. 1976.

[11] C.R. Johnson, “Adaptive IIR filtering: Current results and
open issues,” IEEE Trans. Inform. Theory, vol. 30, no. 2, pp.
237-250, Mar. 1984.

[12] J.J. Shynk, “Adaptive IIR filtering,” IEEE Signal Processing
Mag., vol. 6, no. 2, pp. 4-21, April 1989.

[13] G. Long, F. Ling, and J.G. Proakis, “The LMS algorithm with
delayed coefficient adaptation,” IEEE Trans. Acoust., Speech,
Signal Processing, vol. 37, no. 9, pp. 1397-1405, Sept. 1989;
vol. 40, no. 1, pp. 230-232, Jan. 1992 (corrections).

[14] E. Bjarnason, “Analysis of the filtered-X LMS algorithm,”
IEEE Trans. Speech Audio Processing, vol. 3, no. 6, pp. 504-
514, Nov. 1995.



az (l)
05k A A
6 B B
-0.5
c
-1 | | | |
-2 -15 -1 -0.5 0.5 1 15 2

0
az (1)
Figure 2: Contour lines for f(ai1(7),a2(¢)) as a function

of a1(7) and a2(z): A: unstable parameter range, B:

fla1(3),a2(¢)) < 0, and C: f(a1(i),az2(7)) > 0.
determined by

o osfi)) = min 25

. (26)

For adaptive system parameter values that fall in Region
B of this figure, there exist stable unknown systems that
cause divergence of the algorithm from these parameter
values. Thus, the stability of Algorithm #1 depends on
both A;(¢™") and A(¢™"), unlike many algorithms based on
output error minimization whose stabilities only depend on
Alg™) [81-012).

2.2. Algorithm #2

We now consider the algorithm in (10) for j = 2. Applying
a similar method as was used for Algorithm #1, we obtain
the following relationship:

(i) = wali)+ e (i) — (i) d(3), (27)
where vq(i) and 6212)“) are as defined in (12)—(13) and
(@) = al (a; —a). (28)

By manipulating the input-output equations for this filter,
we can also obtain the relationship

di) = B(g~Hle()] = Bi(g~Hva(3)]
B(¢=")(1 = Ai(¢™")) — Bi(g™1)(1 — A(g™1))
= Di(g ") (Blg™)e(i)] (¢ Dva()]),  (29)

7

7

- B
-B
where
B(¢7') = D bmg™", BilgTH) = ) bmli)gT"(30)
Di(g™")

1
= B0 - A D) - B A Ay Y

respectively. Substituting (29) into (27) produces the rela-
tionship

Doa(i)] + €2 ()]
D) B(¢1)

(i) = 1?0 Dila™) Bil
1+ ¢ (1) Dy(

-
7

. (32)

Using the results of [4], it can be shown from the above re-
lationships that Algorithm #2 employs a filtered-error gra-
dient update with error path filter C;(¢™"') given by

1
1+ ¢)(5) Di(g=) B(g™)

Thus, necessary conditions for convergence of this algorithm
are (i) Ci(q_l) is stable and (i) C;(e™7*) is SPR at all
frequencies w that are represented in the input signal z(¢).

In the case where a; &~ a and b; &~ b, we find from the
definition of c(2)(i) in (28) that its value vanishes in this
case. Therefore, the stability behavior of Algorithm #2
about the optimum coefficient solution is the same as that
of the equation error LMS adaptive IIR filter, and the al-
gorithm is locally asymptotically stable. In addition, by
choosing ag = 0 and by = 0, Algorithm #2 also behaves
initially like the equation-error-based algorithm. However,
during the transient adaptation phase, the stability of Al-
gorithm #2 is no longer guaranteed. In fact, it is possible
to choose a; and b; such that C;(e™“) is not SPR for par-
ticular frequencies w, causing divergence of the algorithm
if #(1) contains energy at one or more of these frequencies.
Although other adaptive IIR filtering algorithms based on
output error minimization also require an SPR condition,
Algorithm #2 differs from these other algorithms in that
the SPR condition depends on both the unknown system
and the state of the adaptive system.

In addition, the stability of Algorithm #2 also depends on
the step size p(i) chosen for the algorithm. This algorithm
is a filtered-error algorithm, however, and the memory of
the error filter varies according to the group delay of the
filter C;(¢™"). Thus, finding sufficient conditions on ()
to guarantee stability of the system even when C;(e™7%) is
SPR is a challenging task. The issues that govern the choice
of u(7) in this case are similar to those for the delayed LMS
and filtered-X LMS adaptive algorithms[13, 14].

Cilg™) (33)

3. SIMULATIONS

We now explore the accuracy of our analytical results via
simulation. In the following, we focus on the robustness of
the adaptive algorithms in (1)—(2) and (3)—(4); for a com-
parison of their adaptation performance with those of other
adaptive IIR filters, the reader is referred to[1].

In these example, we generate the desired signal using
an underlying IIR model with a = [1.317 — 0.81]7 and
b = [1]. It can be shown that the real part of (1 — A(e™7*))
for these parameter choices becomes negative for frequen-
cies near w = 1.0. We excite this unknown system with
the signal z(n) = sin(n) and add uncorrelated zero-mean
Gaussian noise with variance o2 = 0.0001 to the output of
this system to produce the desired response signal. Since
our results suggest a normalized step size, we choose

wi) = — (34)

[ul?)2”

B

for Algorithm #j, j = {1, 2}, where o; for each algorithm
was chosen to be small enough to provide stable behavior
whenever possible. In each case, we plot either the instan-
taneous squared error 62(i) from one simulation run or the
MSE E{¢?(4)} as found from an average of one hundred sim-
ulations runs. For comparison, we also plot the evolution
of the corresponding quantities for Feintuch’s algorithm,

Wit = Wi+ I (d() — d())ts, (35)
flul[3




for j = {1, 2}, respectively. In each case, we can express
the equation error, defined as

e(1) = d()—wlT (11)

in terms of the filtered observation noise va(i) and the un-

corrupted a priors error eEﬁ)(i), defined as

vali) = o(i)—aTvis = (1-A(¢ ()] (12)

i) = —wial, (13)

7

respectively, where

Al = D and™" (14)

1

and ¢~ 1s the delay operator.

2.1. Algorithm #1
Expressing the equation error as

e(l) = wlu, — wTugl) + wTugl) — WiTugl) + wiTugl)
—w] @+ (i), (15)

we first simplify this expression using the definitions in (12)-
(13) to get

i) = d%(i)(va(i)-%egf)(i)), (16)
where
O

Secondly, by subtracting w from both sides of (10), we
can express the coefficient updates for Algorithm #1 in
terms of the parameter error vector w; as

Wiy = Wi+ p(iulVe(d) (18)
= wi + 5@l (V)

—e0() + m’“‘—)()(b (19)
= Wi+ 7V (ea(i) -3V, (20)
where ﬁ<1)(i) is arbitrary and

7 3G) =

IO B (R IO B WP
c(l)(i)ﬁ(l)(l’) a(?) (1 C(l)(i)ﬁ(l)(i)) o (1),(21)

respectively. For the particular choice

20y = 1L
n(e) = , 22
v [l 2

Eqn. (20) can be shown to have the following property [3, 4]:

[Wisa )3 + 7036 ed ()
[%: )13 + 7 (6) 72 (4)

= 1 (23)
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Figure 1: A time-variant lossless mapping with gain feed-
back for Alg. #1, uncorrelated noise case.

Equation (23) defines a lossless feedforward path mapping,
whereas (21) defines a feedback path mapping. The en-

tire structure is depicted in Figure 1, where 7; denotes the
feedforward path mapping.

Using Figure 1 and the small gain theorem, the stability
of Algorithm #1 is guaranteed if the feedback gain of the
system is less than one in magnitude. This condition leads
to stability bounds for u(i) as given by

My
0 < (i) < % (24)
la; 13

Since the value of c(l)(i) is critical for this condition to hold,
we now consider its form more carefully.

Note that near the optimum solution where a; ~ a, we
find from (17) that c(l)(i) =~ 1, and thus the stability be-
havior of Algorithm #1 locally about the optimum coeffi-
cient solution is the same as that of the standard equation
error LMS adaptive filter. Since the equation error LMS
adaptive filter is asymptotically stable for suitably small
step size values, we can conclude that Algorithm #1 is lo-
cally asymptotically stable. Moreover, without any a prior:
knowledge of the optimum coefficient values, both ag and
bo are typically chosen to be zero vectors. Such a choice
yields c(l)(O) = 1, and thus the behavior of Algorithm #1
is initially the same as that of the standard equation error
LMS adaptive filter.

The stability of Algorithm #1 is not guaranteed dur-
ing its transient adaptation phase for all unknown models.
From (24), we see that c(l)(i) > 0 is necessary for a stable
choice of p(7) to exist. This condition is equivalent to hav-
ing the vector [I — al] lie in the half-plane defined by the

vector [I — a”]. In the frequency domain, this condition
is equivalent to

/(l—Ai(e_J“’))(l—A*(e‘“’))dw > 0, (25)

where A;(g™!) for the adaptive system AR parameters is
defined similarly to (14). It can be shown that for N =1,
all choices of a;(i) that yield a bounded-input, bounded-
output stable adaptive filter model also satisfy (25). For
N > 2, however, the stability condition can be violated for
certain choices of {an(i)}, 1 < n < N. Figure 2 depicts
contour lines for minimal values of c(l)(i) for different a1 (1)
and az(z) within the range of stable models for N = 2, as
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ABSTRACT

Recently, two simple gradient-based algorithms for
unbiased ITR system identification in the presence
of zero-mean correlated output noise were derived
and shown to perform well in simulation [1]. In
this paper, we study the stability and robustness of
these two adaptive filters, deriving strictly positive
real (SPR) conditions on the overall unknown-plus-
adaptive systems to guarantee convergence of the
coefficients to their optimum values. Unlike other
algorithms for unbiased IIR adaptive filtering, the
stability of each of these algorithms depends on the
initial values of the filter coefficients. However, near
the optimum coefficient solutions, both algorithms
are locally-stable, irrespective of the unknown sys-
tem. Simulations verify the results of our analyses.

1. INTRODUCTION

This paper presents robustness and stability analyses of two
algorithms for adaptive IIR filters [1]. These algorithms
minimize the equation error cost function according to a
constraint on the autoregressive parameters [2] and can pro-
vide unbiased estimates of an unknown system’s coefficients
for potentially-correlated output noises. The coefficient up-
dates for these algorithms are:

Algorithm #1:

N e(1) (Rvvai — Poo)
i1 = ay di— 1
ditr = At Ml)e(”( ez 2plia; + al Ryva; @)

biy1 = bi+ p(i)e(i)xi, (2)
Algorithm #2:

aip1 = a;+p(ie(i) (di—l + d(x) %) (3)

biri = b+ p()e(d)x, (4)

where a; = [a1(i)---an(i)]T and b; = [bo(3) - - bar—1(i)]T
are the autoregressive and movinjg average coefficient vec-
tors, x; = [x(2)---2(t — M +1)]" and d; = [d(3)---d(¢ —
N +1)] are the input and desired response signal vectors,
e(1) =d(1) — ald;_; — bTx; is the equation error, R, and
Pvv are the N-dimensional normalized autocorrelation ma-
trix and vector of the observation noise, and p(7) is the step
size. Both of these adaptive filters assume that the desired
response signal is generated from an IIR filter with param-
eter vectors a and b whose output y(¢) is corrupted by an
additive zero mean observation noise signal v(z) such that

di@) = y(1) + () (5)

y(i) = aTyi_l +bTx;. (6)

If R,y and pyo are unknown, both can be accurately esti-
mated from signals available to the system [1]. Although
statistical analyses and simulations in [1] indicate that these
algorithms achieve unbiased parameter estimates for low-
order system identification tasks, no formal analysis of the
stability behavior of these algorithms has been given. In
particular, conditions on a, b, a;, and b; to guarantee con-
vergence of the algorithms have not been presented.

In this paper, we provide robustness analyses of the two
adaptive algorithms in (1)—(2) and (3)—(4). Our analyses
are based on a deterministic framework that has been used
in [3] and [4] to determine strictly positive real (SPR) and
stability conditions on the unknown system and step size,
respectively, to guarantee convergence of a wide class of
gradient-based adaptive filters. Unlike other analyses that
are statistically-based [5]-[7], our results are independent
of the statistics of the input signals. From our analysis,
we show that both Algorithms #1 and #2 are both ini-
tially stable for ag = 0 and by = 0 and are locally-stable
about the optimum coefficient solution for suitably small
step sizes and for systems that are not under-parameterized.
However, during the systems’ transient phases, the adaptive
filters can become unstable, and we quantify the nature of
this instability. Simulations verify the results of our anal-
yses and indicate the behaviors of the adaptive filters in
different situations.

2. DETERMINISTIC STABILITY ANALYSES

For brevity, we consider situations in which v(i) in (5) is

uncorrelated such that Ry, = I and py, = 0. Our analysis,

however, can be extended to arbitrary correlated noises.
For these analyses, we define the vectors w, w;, w;, u;,

(2)

u;, and u;”’, as

we[3] welg) e

w= [ weus [T9 ] W mm et

respectively, where v; = [0(i) --- v(i — N + 1)]T and ZE])
for j = {1, 2} is given by

e(1)

Zgl) - _ mai] ’ z§2) _ [d(lo)ai] . (9)
0

respectively. Using these definitions, the two algorithms in
(1)-(2) and (3)-(4) can be expressed as

wiyr = wi+ p(i)e(i)ul? (10)



