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Here, the properties of the convergence both in the
ABSTRACT mean and in the mean square are investigated in detail,
The recently proposed Chen’s LMS algorithm [1] verified by both MATLAB and C simulations. It is shown,
costs only half multiplications that of the conventional under the condition that the LMS step siaeis very
direct-form LMS algorithm (DLMS). Despite of the merit, smaller and an extra compensation step gize properly
the algorithm lacked rigorous theoretical analysis. This chosen, Chen’s algorithm has comparable performance to
work intends to characterize its properties and conditionsthat of the DLMS algorithm.
for mean and mean-square convergences. Closed-form The paper is organized as follows. In the second
MSE are derived, which is slightly larger than that of section, the Chen’s algorithm will be reviewed, followed
DLMS algorithm. It is shown, under the condition that the by its stability analysis in the third section. The third
LMS step sizeu is very small and an extra compensation section covers the issues of mean and mean-square
step sizea is properly chosen, Chen’s algorithm has convergence of the weights and an extra compensation
comparable performance to that of the DLMS algorithm. factor, convergence bound for and excess MSE of the
For the algorithm to converge, a tighter bound dathan algorithm. The final section draws a conclusion on issues
before is also derived. The derived properties andto be further investigated.

conditions are verified by simulations. » REVIEW OF THE CHEN'S LMS
1. INTRODUCTION ALGORITHM

The direct-form LMS algorithm (DLMS) [2], [3] is Given an adaptive filter with its zero-mean input

SN . sequence x(n), zero-mean desired signadi(n) and
the most popular temporal-domain direct-form adaptive . ) ,
o : . N coefficients w(n)’'s to be adapted. The Chen’'s LMS
filtering algorithm due to its simplicity and robustness.

Regarding the temporal-domain direct-form approaches,algomhm Is as shown below.

there exists many LMS variants in reducing the coefficient I
updating complexities such as the sign-error, sign-input y(n= kzo{[ Xn=2K = WL N G2 ke )
and zero-forcing algorithms. +Wo (NI} = (D = B D
However, little improvements were done in reducing N1
its filtering complexities. Recently, a so-called FELMS =3x(n-Kw(n-[h(h- CH
algorithm [3] was proposed to retain the same convergence k=0
properties as those of DLMS while reducing both filtering =y(n) -[h(n - &nl . (1)

and updating complexities of LMS algorithm.
peating comp J W (N+1) = w () +2ue( ) k-

More recently, Chen et al. proposed a new LMS (2
adaptive filtering algorithm [1] which has close to 50% k=0, 1---,N-1,
reduction in filtering multiplications. Moreover, the hy (n+1) = hy (N -aé(n, 3)
algorithm can be combined with the FELMS algorithm in N/2-1

reducing its coefficient updating complexities. Despite the where C(n) = Z Wor (1) W41 (D)
merits, the algorithm’s properties have not been fully
addressed.



N/22_>1<(n—2k) -2k-0= R i where R=E[x(n)x"(n)] is the correlation matrix o(n).
K=0 Then, based on the mentioned independence assumption
=P(n-2)+xNXnD-Xn N kr NI, and orthogonal properggx(n)e,(N)]=0, we have
o E[£u(n+1)]
e(m=dn-y(n = (1 = IR)ELE, (M) + KEIX( D] E R n= CB
=A== G = (1= HR)ELE (1] ()
=e(n+[h(n- Gl ' (4) The convergence equation is the same as that of DLMS,

and x(n)=0, P(n)=0 for n<0. It can be shown that the and the properties of weight in mean will be same as that
complexity for the convolution i®N/2+1 multiplications of DLMS accordingly. So is the SteP size has the
and /2+3 adds. constraint of 0f<2/An., Wwhere A is the largest

eigenvalue of the correlation matfx
3. STABILITY ANALYSIS OF THE

ALGORITHM (b) The Convergence ohy(n)

For convenience, some definitions and notations are L€t &ne(nN+1) =hy(n+D) - qn+J
defined as follows. =hy(N-Cn+)-a[d n-
w(n) = [wo(), wi( NI 2( D, Wi-a( M w(m x(m+h(-anl, (g

= the tap weight vector, For very smallu or largen, C(n) is varying slowly so that

x(n) =[X(0), X n-1),0HX = N+ D], we can assume th@(n+1)=C(n), then

= the filter input vector, Ene(N+1) =& pe(n) —ald(n) - wT(Hx( ) +&Enc( D]
w = [wg, wy TIIWR Ty = (1= a)épc(n) - ald(r) - w ' (Qx(n]

= the Wiener solution, Therefore
£, () =w(n) - w. E[€nc(n+D] =(1-a) HEpd 1]

It is also emphasized that théndependence = (1-a)"E[£,.(0] . 9)

assumptiorand theindependence theorf?] are adopted  For the convergence bf(n), it is required thatll-a| < 1
here. That ishy(n+1), w(n+1) are independent of both

x(n+1) andd(n+1), and they depend only on four inputs: (1) -
The previous sample vectors of the input procgs), be further tightened later.

x(n-1), ---, X(1); (2) The previous samples of the desired (c) The Convergence in the Mean Square
responsegi(n), d(n-1), ---, d(1); (3) The initial value of the
tap vector,w(0); and (4) The initial value of extra

such thatE[¢,,.(n] =0 asn — . This rough bound can

With the independence assumption [2], [5] the MSE

coefficient,hy(0). Therefore J(n)=E[€(n)€ (n)] of Chen’s algorithm can be reduced to
E[x(Nx" (K] =0, k=01--, n-1 J(m=dn+HE (N Ih= EEN.
E[XNd R =0 k=Q1--, n-1 Next, by applying the orthogonal propertyn) can be
reduced to:
(a) The convergence of w): (M) = El( &p( ) —EJV( DX D])g]

It can be shown that
Eu(n+1) = (1= (Nx " ()&, (N
+ px(N) €pe (N +px(N[ (- € N,

wheree,p(n)=d(n) ~w x(n) .
Here, by invoking thalirect-averaging methodescribed

= Jinin + ELEW(IX(DXT (D&, (D], (10)
5)  Where Jy, = E[ efpt( D] .

Since &}, (N)x(nxT(nNé, (N is a scalar, by applying the
independence assumption [2], [5] we may rewrite it as

by Kushner [2], [5] and assuming a small step gizthe E[& (MX(IX (D&, (1]
weight error equation can be replaced by the following =te{H &, (NEL (N} EX hxT( )i}
stochastic difference equation: -
Eu(N+D) = (1 —fR)E,, (N + () g (1) =t{E[{\ (N)Ey (MIR} : (11)

And many cross terms arising from the multiplication

+ px(mhy (N - AN . (6)



&, (NEL (n) reduce to zero matrices. Besides, as it wasFinally,

shown before that for sufficiently large E[&,.(n)] =0
As a result, fon - oo,
K(n+1) = E[£,, (n+)¢&, (n+ 9]
=(1= ROK (M~ R )+ p* IR
+ UE[E2 (NR] . (12)

By applying unitary transformation to(n):
K(n=Qu(nQ",

we have

E[& (MX(Dx (D&, (N] = t[K( IR]

= tr[QAQTQU(NQT] =t QAU(NQ ']

N-1

= tr[QTQAU(N)] = tr[AU(N)] = AU, (13)
whereu;(n), i=0,1;--
matrix R. Further

Un+2) = (1 = pAUJ (M = pA} + 1 I

+ WP NE[E ()] , (14)
therefore,

U (N+1) = (1= pA) 2y () + A (e + BEZ (D)) ,(15)

0 Uy () = U(Ipn + HEX () / 200 . (16)

We may write Eq. (13) as

N-1
ELE(X()x (=)&) = 3 Aiu()
N-1
= + ELEL(AD 3 1A/ (2-pA) - (7)
ey =ary g e s g
i=0 i i=0

The final task is to evaluateE[Eic(n)] . Obviously,
E[E7 (N] =(1-a) *Hép n-3 +a’ I -]
—2a(1- a)E[&pe(n- J(d(n= 3 —w( n- 3T x( - ] .(19)

,N-1, are the elements of the diagonal
matrix U(n), and A; are the eigenvalues of the correlation

3e) = Ien) + 21
-a
N-1 ).
21+ Y HAi
] i<0 2— MA;
min N-1 /-M' (22)
2-(1+ y " a
%0 2= HA;
Note that whem=0, J'(c0) becomes
J’(oo)~(1+Nz_1 HAi s (23)
22— a, )i LMS

which is the same as the result derived by Haykin [2] for
DLMS algorithm under the condition of small Whenu
is sufficiently small, we have
IE) = 22 S (24)
Since R is non-negative definite};>0 and 2gA;,>0
for alli, for the convergence @f(n). Therefore
Nz_l HA;
<0 2~ HA;
In addition since]’(n) is positive for alln, the condition

>0. (25)

2-a[l+ zu)\ /(2= pA;)] > 0 must hold. Consequently
=0

we can Iocate a more conservative upper bound than
before fora:
"ot A

O<a<2/(1+ Y

--02—/1/\-)' (26)

4. SIMULATION RESULTS

In this section, we summarize the equalizer simulation
results for the property verifications of the Chen’s LMS
algorithm. The impulse response of the channel to be
equalized is assumel{n)=[-1/2.1, 1, 1/2.1]. The channel
input signal is assumed a white Gaussian, zero-mean noise
with variance=1. The tap number of the adaptive equalizer
equals to 4. Fig. 1(a), 1(b) show the MSE (average of 500
runs) withp=0.0001 angu=0.03 respectively as a function
of a in steady state. Fig. 2(a), (b) show the MSE (average
of 500 runs) of DLMS and new algorithm witk0.0001

Based on the independence assumption again, a simplifiednd somer values.

form is obtained as follows,

EfE(e) = 2. (20)
As a result]J() is equal to
N-1 u)\
2-a)(1+ ) ﬁ)
3(=) = Jin Y (21)
2-(1+ Z )\

The upper bound ofr is very close to 2 whep is
very small from Eq. (26). Large should be avoided as
suggested by both theoretical and simulation results. As
depicted in [2] and [3], the rate of convergencewofs
dominated by IA,. (where A, is the smallest
eigenvalue ofR). The rate of convergence dfy is
dominated by lg. However, agr is extreme smallhy(n)
will track C(n) very slowly. In such a case, the rate of
convergence of MSE becomes much slower than that of



DLMS. Consequently, a comparably largethan A, is of Chen’s algorithm is the same as the DLMS, and the DC
preferred. bias can be ignored whem=0.0001 anda=0.01 in the

All the results summarized are based on the example.
independence theory. But ttehifting propertyof input
data introduces statistical dependence results [2]. The
results makeE[x(n)(hy(n)-C(n))] # O even whenx(n) is The properties of Chen’s algorithm have been
zero-mean. That isE[x(n)(hy(n)-C(n))] will yield a characterized in the paper. The simulation results match
constant upon convergence. Accordingly, every convergedhe derived properties closely. Proper boundsaf@and i
weight is equal to the sum of Wiener solution and a DCare also given to facilitate the new algorithm’'s pratical
bias. The magnitude of DC bias is directly proportional to usage. In this theoretical analysis, smait assumed. The
a from the simulation results. The DC bias approaches tofuture work to be done is to assume a large condition.
zero whena approaches to zero. The rate of convergence

5. CONCLUSION
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Fig. 1(a). The mean square errors in steady state as a Fig. 2(a). The mean square error of LM&0.0001.
function ofa; u=0.0001, 4 taps.
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Fig. 1(b). The mean square errors in steady state as &ig. 2(b). The mean square error of Chen’s algorithm, for
function ofa; u=0.03, 4 taps. 1=0.0001 and various values.
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