THIRD ORDER VOLTERRA SYSTEM IDENTIFICATION

Panos Koukoulas

Nicholas Kalouptsidis

University of Athens
Department of Informatics
Division of Communications and Signal Processing

T.Y.P.A. Buildings, 157 71 Athens, Greece

koukoula@di.uoa.gr,

ABSTRACT

This paper is concerned with third order Volterra system
identification. It is shown that crosscumulant mformation
can be converted into a Fredholm mtegral equation. Closed
form expressions for the Volterra kernels are derived using
the determinant theory. Finally, special emphasis is focused
on IID inputs.

1. INTRODUCTION

Identification of nonlinear Volterra systems is important in
a wide range of applications. Closed form expressions for
the determination of the Volterra kernels have been deter-
mined when the input is a zero mean stationary Gaussian
process [1] The Gaussian assumption is not always re-
alistic. Katzenelson and Gould [2] described an iterative
method to solve the continuous time problem. A discrete
frequency domain approach for third order Volterra systems
which leads to a system of linear equations solved with least
squares approach, is described in [3] The special case of ze-
ro mean IID nputs is treated m [4] for third order Volterra
systems. Whilst the approach of 2] [4] leads to estimates of
the Volterra kernels, no closed form expressions are derived.
Closed form expressions for second order Volterra system i-
([ie]ntiﬁcation using “crosscumulant” analysis was pursued in
5]

Let z(k) be a stationary discrete time random pro-
cess. The p — th order cumulant of =z(k), is denot-
ed cpz(ky k2, -+ ,kp—1). The p — th order polyspectrum
Cpa(wy w2, -+ ,wp—1) I8 defined as the (p — 1)-dimensional
discrete Fourier transform of cpa(ki,kz, -+ ,kp—1). Cross-
cumulant and cross-polyspectra of two jointly stationary
stochastic processes are similarly defined.

The Volterra system of order 3 has the form

u(n) =ho+ > ha(k)u(n — k) + > Y ho(kr, ko)

kq=0 k1=0 k=0

xu(n — kpju(n — k2) + Z Z Z ha(k, ko, ka)

k1 =0 ko=0 ks=0

xu(n — kpju(n — k2)u(n — ks) + n(n) 1)

The input u(n) and the disturbance 5(n) are zero mean
imdependent stationary stochastic processes. The Volter-
ra kernels hy(ki), ho(ki, k2), hs(ki, k2, ks) are causal, ab-
solutely summable sequences. Furthermore hs (kl,kQ) and
hs(k1, ko, ks) are symmetric sequences.
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2. FREDHOLM INTEGRAL EQUATIONS

Using the basic properties of cumulants and Leonov -
Shiryaev theorem [8] the crosscumulant of y(r) with one,
two and three copies of the imput can be computed. The
resulting expressions are subsequently converted mto the
frequency domain. The pertinent formulas are
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The kernels ho and H;(w) can be expressed explicitly in
terms of Ha(wy,ws) and Hz(w:, w2, ws) while Ho(w;, ws)
and Hsz(wi,ws, ws) satisfy a system of Fredholm mtegral
equations once we restrict on the line w; + w2 = w and on
the plane wi—4ws + ws = w, with w fixed but arbitrary.

Indeed eq. (2) expresses ho In terms of Ha(wi,ws2) and
Hs(wy, w2, ws). I eq. (3) is solved with respect to H(w)
vields
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As long as we move on the line w; + w2 = w, eq. (4),
after substituting H;(w) from (6), takes the form
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Likewise if we move on the plane w; + w2 + ws = w,
eq. (5), after substituting H;(w) from (6) and Ho(w;, w2)

from (7), takes the form
i)i/ / Ar( w2,w3,w4,w5)
- ’LUQ,’LU:J,)

XHg(’LU — W4 — Ws, W4, ’LU5)d’LU4 d’LU5-|—

+i /Tr <C4u(—w3,w2+w3—w4,w4) _

27 2C4 (w2)Cay (ws)

Hs(w—ws —ws, w2, w3 )+

2C5 ., (’LU2 + ws )C2u (’LU2 )C2u (’LU3 )

XHg(’LU — W2 — W3, W2 + wz — ’LU4,’LU4)d’LU4-|—

_|_i /Tr <C4u(—w3,w—w2—w5,w5) B

27 202, (w — wo — w3)Cay (w3 )

_ Oy (—w2, —w3)Cse (w2 + ws — wa, w4))

. Cgu (—(w — W2 — ’LU3), —’LU3)03u (w — W2 — Ws, ’LU5)
202, (w — w2)Cy (W — we — w3 )Cay (w3)

X Hs (w2, w — ws — ws, ws )dws +

_|_i /Tr <C4u(—w2,w—w3—w4,’LU4) _

27 2024 (w — wo — w3)Cay (w2)

_Cgu (—(w — W2 — ’LU3), —’LUQ)Cgu (w — W3 — Wa, ’LU4)
202, (w — w3)Cy (W — we — w3 )Cay (w2)

XH3(’LU3,’LU — w3 — ’LU4,’LU4)d’LU4-|—

+i i A3(’LU2,’LU3,U}4)
27 _ AQ(’LUQ,’LU:J,)

s

HQ(’LU — W4, ’LU4)d’LU4 =

= fo(wz, ws) ®)

where A;, A2, As are expressions mvolving mput cumu-
lants of order at most six [6]. Likewise f(ws2,ws) mvolves
crosscumulants of y and at most 3 copies of . Equations
() and (8) form a system of two 2-dimensional Fredholm
integral equations of the second kind of the form

b
xl(’w2 s ’LU3)— )\/ /[(11 (’LU2 , W3, Wy, ’LU5)$1 (’LU4 s ’LU5)d’LU4 d’LU5—

b pb
— / /[(12 (’LU2 , W3, Wy, ’LU5)$2 (’LU4 s ’LU5)d’LU4 d’LU5 =
a a



= fi(wz, ws) (9)
b
$2(’LU2 s ’LU3)—)\/ /[(21 (’LU2 , W3, Wy, ’LU5)$1 (’LU4 s ’LU5)d’LU4 d’LU5—

b pb
— / /[(22 (’LU2 , W3, Wy, ’LU5)$2 (’LU4 s ’LU5)d’LU4 d’LU5 =
a a

= fa(w2, ws) (10)

The system of Fredholm equations (9), (10) can be con-
verted into a single two dimensional Fredholm equation via
proper concatenation. This is done as follows. Define the
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This is a two dimensional Fredholm equation of the
second kind. The determinant theory of multidimension-

al Fredholm equations is similar to the one dimensional
case [7]. The coresponding Fredholm determinant is
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is employed.

The above closed form expressions are difficult to com-
pute. Simpler situations result if the input is suitably re-
stricted. The next section discusses IID inputs.

3. THIRD ORDER VOLTERRA

IDENTIFICATION WITH IID INPUT
Suppose that the mput signal, u(n), is an IID zero mean
random process with
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Suppose further that the following persistent excitation con-
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A detailed account is given mn [6].
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