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ABSTRACT

This paper presents methods for the e�cient realization of
prototype �lters for modulated �lter banks. The implemen-
tation is based on the lattice structure of the polyphase
�lters. The lattice coe�cients, representing rotations, are
approximated by a small number of simple �-rotations each
of which can be realized by some shift and add operations
instead of a multiplication. Since the lattice structure is
robust against coe�cient quantization we do not loose the
perfect reconstruction (PR) property of the �lter bank when
doing this approximation. Frequency responses of the orig-
inal and approximated prototype �lters are compared in
terms of complexity and stopband attenuation.

1. INTRODUCTION

Modulated �lter banks are known to provide a very e�cient
realization. They consist of two main stages: the polyphase
�lters of the prototype and a discrete cosine or Fourier
transform. Using fast algorithms for the transform (i.e. fast
DCT or FFT) the main computational complexity remains
with the multiplications during the �lter operation [1].

Although many �lter design methods for PR cosine-mo-
dulated �lter banks have been developed within the last
years, see e.g. [2, 3], none of these methods takes into con-
sideration the implementation cost due to the wordlengths
of the �lter coe�cients.

In this paper we show how to approximate the rota-
tion angles in the lattice structure by some consecutive �-
rotations which can be realized by a small number of shift
and add operations. Consequently, prototype �lters can be
e�ciently implemented in VLSI using a structure that is
not only extremely regular but also designated for a paral-
lel implementation.

Figure 1 shows the analysis part of anM -channel cosine-
modulated �lter bank as derived in [2]. Herein Gk(z), k =
0; : : : ; 2M � 1, denote the type-1 polyphase components of
the prototype �lter.

Each block of two polyphase �lters in Figure 1 can be
realized as a lattice. Figure 2 shows the well-known lattice
structure [2] of one block in Figure 1.

Typically, prototype �lters are designed such as to have
linear phase. In this case two polyphase �lters have the
same coe�cients but in reverse order. For a linear-phase
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Figure 1: Cosine-modulated M -channel analysis �lter bank

prototype of length N = 2rM the polyphase �lters Gk(z)
and G2M�1�k(z) are related by:

gk(m) = g2M�1�k(r� 1�m); m = 0; : : : ; r � 1:

The lattice structure for the �lters GM�1�k(z) and
G2M�1�k(z), respectively, contains the same rotation an-
gles �k;l, and therefore the same values sk;l and ck;l, as the
one for Gk(z) and GM+k(z). It is depicted in Figure 3.
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Figure 2: Lattice structure of polyphase �lters Gk(z) and
Gk+M(z)
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Figure 3: Lattice structure of polyphase �lters GM�1�k(z)
and G2M�1�k(z)

One commonmethod to realize rotations is the CORDIC
algorithm [4]. A rotation by an angle � is realized as a cas-
cade of w + 1 so called �-rotations (w being the coe�cient



wordlength). Each �-rotation consists of two shift and add
operations plus a scaling factor.

For 0 � j�j < �=4 the rotation matrix W can be de-
scribed as

W =

�
cos � sin �
� sin � cos �

�
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with rv =
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and �v 2 f�1;+1g, whereas angles

in the range �=4 < �� < �=2 are realized as
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where the �rst matrix describes a rotation by ��=2.

2. APPROXIMATION OF ROTATION ANGLES

The idea presented in [5] for an e�cient implementation of
orthogonal wavelets was to perform only a limited number
of CORDIC �-rotations, i.e. choosing �v 2 f�1; 0;+1g in
(1) or (2) with most values equal zero, yielding an approx-
imation of the original angles.

The angles �i = � arctan(2�i) are realizable with a sin-
gle �-rotation of the CORDIC algorithm. A �ner grid of an-
gles can be obtained either by combinations of �-rotations
or, at the cost of more complex �-rotations, by adding en-
tries to the �-rotation matrix W�:

W� = r�
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;

�v; �v 2 f�1; 0;+1g; v = 0; : : : ; w:

The de�nition (3) also includes the so called Class 2 and
Class 3 �-rotations de�ned in [6]. The lattice realization of
r�W� is depicted in Figure 4.
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Figure 4: Lattice realization performing r�W�

The implementation cost of the lattice structure de-
pends on the number of �-rotations needed for a su�ciently
�ne approximation of the angles, on the number of shift and
add operations within each �-rotation, and on the number
of shift and add operations needed for the quantization of
a common scaling factor rk at the entrance of the lattice.

A more or less precise approximation of the rotation
angles inuences the frequency response of the prototype
�lter, but it does not a�ect the PR property of the �lter
bank. However, quantizing the scaling factor rk yields non-
PR property of the bank and should therefore be done care-
fully and with respect to the desired accuracy.

3. QUANTIZATION OF THE SCALING

FACTOR

The scaling factors rk can be approximated by factorization
or as a sum of binaries. Common factors of all rk, k =
0; : : : ;M=2� 1, can be implemented once at the output of
the synthesis �lter bank. This simply causes a new scaling
of all subband signals.

When using quantized scaling factors r̂k;a for the anal-
ysis and r̂k;s for the synthesis, we introduce an error �k in
the PR condition [7]:

Gk(z) ~Gk(z) +Gk+M (z) ~Gk+M (z) =
1

2M
+ �k (4)

In order to guarantee PR of the �lter bank, we have to
ensure that the error �k does not lead to any false deci-
sion when rounding the reconstructed signal to the original
wordlength.

If we assume the input signal to be integer-valued and in
the range of [�xmax; xmax�1] then r̂k;a and r̂k;s have to be
derived from the unquantized scaling factor rk;a = rk;s = rk
such that the following inequality holds true:

max(2M � �k) = xmax

��(r̂k;ar̂k;s)=r2k � 1
�� < 0:5: (5)

4. EFFICIENT REALIZATION OF

PROTOTYPES

Di�erent constraints do arise when implementing short or
long prototype �lters e�ciently. In the case of short proto-
types (1 to 2 taps per polyphase �lter), a coarse approxi-
mation of the angles is mostly su�cient for good frequency
responses. The amount of shift and add operations needed
for the quantization of the scaling factor is relatively high
since there is one scaling factor to be implemented for ev-
ery block of two polyphase �lters consisting of one to two
lattice stages. Therefore �-rotations should be chosen such
as to provide a simple scaling factor.

For long �lters, the situation nearly becomes the oppo-
site: each lattice block with one scaling factor consists of
several lattice stages and a good approximation of the ro-
tation angles is needed in order to obtain the desired proto-
type frequency response. Therefore the amount of shift and
add operations needed for realizing the rotations is much
higher than for the scaling factor.

In both cases, we start with a given PR prototype �lter
and calculate the exact rotation angles �rst.

4.1. Realization of Short Filters

An e�cient implementation for short prototype �lters can
be obtained in the following way:

� In a �rst step we have to choose the maximal complexity
of every lattice stage in terms of additions (neglecting the
scaling factor) and the maximal number of shifts (w). A
reasonable choice is e.g. 6 additions per rotation angle
and w = 10.

� For each rotation angle we calculate all �-rotations that
approximate the exact angle up to a certain error and
that do not exceed the allowed complexity.
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Figure 5: Lattice implementation of a length-32 prototype for an 8-channel cosine-modulated �lter bank. The remaining 4
lattice blocks have to be realized according to Figure 3. The integer-valued input signal is in the range [�215; 215 � 1]:

� For each lattice �lter we calculate the scaling factors for
all possible combinations of �-rotations of the di�erent
lattice stages. These scaling factors are quantized with
the necessary accuracy according to (5).

� We choose the subset of �-rotations being realizable with
the minimum total number of shift and add operations.

� Out of the remaining realization possibilities we pick the
one with the best approximation of the original frequency
response.

4.1.1. Example: N = 32, M = 8

The above design algorithm is applied to a length-32 linear-
phase prototype for an 8-channel cosine-modulated �lter
bank. The range of the integer-valued input signal is sup-
posed to be x 2 [�215; 215 � 1]. Figure 5 shows the realiza-
tion of 8 polyphase �lters of the analysis �lter bank. Note
that the �rst lattice stage di�ers from the following ones, see
Figure 2. The remaining 8 polyphase �lters can be obtained
using the structure shown in Figure 3. In the synthesis bank,
all scaling factors have to be divided by 2M = 2�5, which
is a pure shift operation. In average, 2 additions and 2.125
shift operations have to be performed per prototype coef-
�cient. The frequency responses of the original prototype
designed with the QCLS-algorithm [3] as well as the one
realized according to Figure 5 are depicted in Figure 6.
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Figure 6: Frequency responses of original prototype (���)
and e�cient realization (||); N = 32, M = 8.

4.2. Realization of Long Filters

The computational complexity of the algorithm proposed
for short prototype �lters is too high as to be applied to
long prototypes. If each lattice block has e.g. 8 lattice stages
the number of possible �-rotations is too large for calcu-
lating the scaling factors for all possible combinations and
choosing the best one afterwards. We therefore propose the
following procedure for long polyphase �lters:

� For each rotation angle, we �nd the best approxima-
tion using �-rotations with a maximal number of shift
and add operations. Generally, 8 additions and w = 12
should be a choice allowing a grid of �-rotations being
�ne enough.

� We iteratively replace the approximation of the least sen-
sitive angle by �-rotations with less shift and add oper-
ations. This pruning is continued as long as this does
not signi�cantly change the frequency response of our
prototype �lter.

� Once we have found a set of �-rotations with a minimum
number of shift and add operations we quantize the scal-
ing factor of each lattice according to (5). If there are
several possibilities to realize the same approximated ro-
tation, but with di�erent scaling factors, we choose the
one resulting in the least expensive scaling factor.

4.2.1. Example: N = 128, M = 8

Figure 7 shows the frequency response of a length-128 pro-
totype for an 8-channel cosine-modulated �lter bank de-
signed with the QCLS-algorithm [3] and of the prototype
allowing an e�cient realization. The non-zero values �i;v
and �i;v of the �-rotations in (3) are listed in Table 1. The
�rst index denotes position of the �-rotation for a �xed
angle. The �rst row describes if the �-rotations have to be
preceded by a ��=2 rotation, which can be performed with-
out any additions or shift operations. The rotation angles
have been replaced by coarser approximations as long as the
stopband attenuation did not rise above -80 dB. In average
3.16 additions and 3.29 shift operations are performed per
prototype coe�cient.



Table 1:
Non-zero coe�cients and scaling factors of the �-rotations W�, necessary for the prototype approximation in Figure 7

knl 0 1 2 3 4 5 6 7

��=2 ��=2 ��=2 �=2 ��=2 ��=2 �=2
�1;2 = +1 �1;5 = �1 �1;6 = +1 �1;3 = +1 �1;2 = �1 �1;7 = +1 �1;3 = +1 �1;2 = +1

0 �1;12 = �1 �2;1 = +1 �1;10 = +1 �1;5 = +1 �2;6 = +1 �2;2 = +1 �1;4 = �1 �2;2 = +1
�1;1 = +1 �2;2 = +1 �1;6 = �1 �2;1 = +1 �3;3 = �1 �3;4 = �1 �3;0 = �1

�2;6 = +1 �2;3 = +1 �3;4 = �1 �3;6 = +1

�=2 �=2 ��=2 �=2 �=2 �=2
�1;4 = +1 �1;3 = �1 �1;0 = �1 �1;6 = �1 �1;1 = +1 �1;4 = �1 �1;2 = �1 �1;10 = +1

1 �2;3 = �1 �1;10 = �1 �2;2 = +1 �2;4 = +1 �1;3 = +1 �1;9 = �1 �2;1 = �1 �2;3 = �1
�2;8 = �1 �1;3 = +1 �2;6 = �1 �1;6 = +1 �2;2 = +1 �2;6 = +1

�=2 �=2 ��=2 �=2 �=2 �=2
�1;3 = �1 �1;4 = �1 �1;1 = �1 �1;4 = +1 �1;4 = �1 �1;3 = �1 �1;5 = +1 �1;6 = �1

2 �2;3 = �1 �2;9 = +1 �2;4 = �1 �1;7 = �1 �2;3 = +1 �2;7 = +1 �2;1 = �1 �1;5 = �1
�3;6 = +1 �2;3 = +1 �2;3 = �1 �1;4 = +1 �2;6 = +1 �2;3 = �1 �2;5 = +1

��=2 �=2 �=2 ��=2 �=2
�1;2 = +1 �1;10 = +1 �1;3 = �1 �1;1 = �1 �1;7 = +1 �1;8 = �1 �1;7 = �1 �1;1 = �1

3 �2;1 = +1 �2;2 = �1 �2;4 = �1 �2;4 = �1 �2;4 = +1 �2;2 = �1 �2;6 = �1 �1;5 = �1
�2;4 = �1 �2;3 = �1 �2;1 = +1 �3;4 = �1 �2;5 = �1 �2;8 = +1 �2;4 = �1
�2;3 = +1 �3;6 = �1

r̂0 = r̂0;a = r̂0;s = 2�4 + 2�7 + 2�10 + 2�12 + 2�15 � 2�19 � 2�21

r̂1 = r̂1;a = r̂1;s = �2�4 � 2
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Figure 7: Frequency responses of original prototype [3]
(dashed line) and e�cient realization (solid line); N = 128,
M = 8.

5. CONCLUSION

In this paper we have presented a simple procedure to �nd
e�cient realizations for prototype �lters starting from a
given PR prototype. Instead of a multiplication per coef-
�cient we only have to perform a small number of shift and
add operations. The resulting implementation, based on the
lattice structure of the polyphase �lters, is highly regular
and allows parallel processing of all M lattices. Although
we do not necessarily �nd the best implementation since we
do not optimize over the restricted parameter space for the
�-rotations, we have shown that powerful results can be ob-
tained by a straightforward algorithm at low computational
cost. An e�cient realization of the cosine modulation also
based on �-rotations is described in [8].
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