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ABSTRACT where ¢(Kk) is the true unambiguous phase at time or point k,

The paper considers the problem of phase unwrapping whiche¢(k) is the true phase error and the bracket indicates the

means generating absolute phase values from noisy, morulo-2operation of taking the principal value of the argument phase
mapped phase ‘observations’. Phase unwrapping is the centrdferm in a way that:

key element in any kind of interferometric application. Nearly all - _ -

known phase unwrapping techniques try to unwrap the mapped 9= [¢]\2n =¢ inEZHD(— T, "] and |¢| ST @)
phases by a sequence of differentiating, taking the principal ) o .
value of the discrete derivative and integrating again. This As a result, the observed phase always lies within the base inter-

procedure, conceptually appealing as it may appear, howeverYal (-Tt]. Forming the discrete derivative yields:

yields strongly biased phase derivatives and thus strongly biased

phase estimates. It can be shown mathematically, that computing By (k) :[y¢(k+1) = W k)]‘zn

the discrete derivative of noisy modulo-thapped phase yields N N 0 (3.)
estimates of the unambiguous discrete derivative, which are = ﬁfl’(k +1) +g(k+ 3)]‘2n‘[¢( R+g( B]\Zn

always biased towards lower absolute values. The bias clearly EZN

dependg on the ph.ase slppe itself as well as on the qohgrence g{ere we have only used the fact that adding any integer multiple
on the signal to noise ratio (SNR), respectively. Considering theof 21t does not change the result of a modufteReration. With
practical application of Synthetic Aperture Radar Interferometry, 1ang e )
the paper presents the theoretical analysis, and gives somg]e same reasoning we further obtain:
numerical results. q

1. INTRODUCTION Bell) = %‘p(k * 1)]\271 ¥ [ea,( ke D]\ZHEZ"
The determination of the unambiguous phase from noisy 0
observations of complex angularly modulated signals is an —gfﬁ(k)] +[ép(k)] U g (4)
unsolved problem in general, especially if phase and amplitude |2 \ZHEZ,TEZ
are mutually uncorrelated or even independent. This is clearly n
the case for a complex SAR interferogram. In terms of signal = + - + +1) — u
theory a SAR interferogram can be considered as a complex, %q)(k 1)]‘2” [¢(k)]‘2" D B@m
simultaneously amplitude and phase modulated 2D signal with
non Gaussian error statistics. Usually the wanted interferometric€ (k+1) — (R are the phase errors at points k and k+1,
phase is obtained by a simple taoperation, delivering phase  respectively, mapped into the base intervajri= The stochastic
values within the principal interval (e.gm-1). These phases properties of these errors, namely distribution density and
contain all the information needed for the generation of digital second order moments are known. Now again using the same
terrain elevation maps of observed areas but they do not contaifdentities in equation 4 as before we can further write:
that information in an unambiguous way, as any absolute phase
offset (an integer multiple of is lost. Furthermore they are _ _ [ _ ] g
subject to phase noise coming from the superimposed amplitude By (K) ﬁ¢(k+1) ¢(k)]\2"+ §(kr D gl k\zn&[zn
noise in real and imaginary part of the INSAR image. In terms of 5)
signal theory phase unwrapping ssnply a two dimensional = ﬁ‘t(k) +[qp(k+1)_ 8 B] O
phase demodulation problem. Nearly all classical approaches to ‘Z”Em

phase unwrapping, known from optical interferometry apply a ) . o
sequence of differentiating, taking the principal value of the 9y (k) is the true discrete phase derivative, the modulus of
discrete derivative and integrating again along specified pathswhich is supposed to be always smaller thanEquation 5
The paper will show that all these approaches yield biasedclearly expresses the error which we commit when forming the
estimates, especially when combined with Linear Least Squaregjiscrete derivative from modulor2mapped noisy data. If there
techniques which are commonly used to reduce stochastic phasgere no phase error present the result would be totally correct,
errors. but since phase errors always occur in normal interferograms, we
2. THEORY AND CONCEPTS commit a systematic error when ‘differentiating’ modufo-2
Let the observed phase be related to the unambiguous phase bymapped data. In the next step we will investigate the stochastic
features of the phase error difference in the second term of
y¢(k) =[¢(k)+§,( |<)] (1) eql_Jation 5. Thgn we will evaluate, how_a _mO(_quo ope_ration,
|2 which occurs twice, changes the known distribution density of a



random variable. Let us introduce the non-mapped phase error

— 0o& o
difference variable by: = %ge(k)(f —2m)+ 5 1y (O + 15 (o (§+2m) éjed%%(ll-)
Oe(k) = g (k+) - g (B (6) Now we return to the sum in equation 5 and introduce the non-

. . mapped discrete difference by:
Obviously the numerical values can vary betwe2m as any of PP y

the terms in the difference can vary betweenAssuming that E(k) =34 (k) +[e¢ (k+D - g g] o = 3y ( B+3e( K(12)
the phase errors of two subsequent phase samples are |2n

independent random variables the resulting distribution density . . . o~ N
of the phase difference is the correlation product of the Further introducing the conditional density &¢k) conditioned

individual phase distribution densities. Thus we have: on the fact that the true phase derivative takes on the vgue
500 (©) = Tey (e (-OTf g (9 (©) We may wite:
0 7) f&(k)/%(k) (§/99) = f(59(k) (§-99) (13.)

In the last equality we have used the fact that#hemapped
phase error differencé. (k) is independent of the true phase

Conceptually equation 7 can be solved since the individual termsgerivative J4 (k) . Substituting equation 11 into 13 we obtain:
are known from [1,2]. The phase error distribution density, given

= [ e,k (1) g (€ + )

there, is: E-9,0
fx (E13p) =rect 0
A(k)/3, (k) E
N 1_M2 o Iv] m:os(g)tprr— arcco@sy\ O c‘ﬁs))][% (8.) ’ 2n D(14.)
foy 09(8) = o= e+ § T3, 00 (€~ 30 =2 + f5 ) (€= 80) + f5 ) (€~ 8o+ 2

21 1-|y* o (e) fpfeod)
This is the conditional distribution density af(k) conditioned
on the fact that the true phase derivative takes on the gjue
This variable istremapped again to yield (k) (Equ. 5). Now

_ N utilizing the same arguments and reasoning as before, we get the
EBe(k)JfZ" 3e(k) D(— 271,-71] final result for the conditional density of the ‘mapped’ phase

The phase error diﬁerencege(k) given in equation 6 and

showing values betweef2mt is now mapped into the base
interval betweert The functional mapping is:

- ; derivative, conditioned on the fact that the true phase derivative
k) = k f k) O(- . ’
Oe(k) =006 (k) it 0dl (- ©) takes on the valudy :
(k) -2 3e(K) O (1, 2n]
o _ _ fa, 1, 1) (£ 0)
The distribution density of theremapped phase error difference (15.)
9.(k) can be obtained by writing: = [ fo(§=00-2m) +fo(E=3g) + f(E-0 o+ 2n)] mecth =2
Bor]
-1
50 () = J'f = (Elu)d: . (Udu where the short hand expressiigi{é) has been utilized for
e 3e(K)/& )
. o()/0e(k) M convenience. This expression is the-citout of the sum of
T three shifted replicas of the distribution density:

10(8) = H5. 0 € =2+ 15 4 @+ 5y (E+2mE

’ IjectDE o
* o, 0r5.00 G105 gy (DU Ferrd
m

We now introduce the bias error of the ‘mapped’ derivative:

Using the correct functional mapping in each of the intervals and e(K)=A4(K-3,(K and evaluate the conditional density of
exploiting that the conditional probability density of a i’ 4

functionally mapped variable only consists of a Dirac impulse this error conditioned oy (k) = Jo. From probability theory

* Ifae(k)/se(k) (£/u (Wdu  (10)
-1

(16.)

we have: we know that:
-n fe(kya, (19 (£ 00) S
fo.00(8) = _J;‘S(" ~ (U 2m) 5 o (Wl = P{we(ke) O(E&+ €] /6y (kw) = &} a7)
n 2n = P{w:A¢(k,w)D(E+5o,E+5o+ df]/5¢(k,w)=5o} '
¥ J’é(‘z U5, g (D dur P(‘z ~(um2m) § 9 (9 du = fa, ()15, (k) (€ + 0/ 50) [BE
i m

Exploiting the identity of equ. 15 in equation 17 we obtain the
wanted conditional density:



fegrs, (i (€1 80) =[ fo(& = 2m) + fo(&) + fo(& + 2m)]
£ + 6, 0

[t tB_
eC o H

(18))

E{e(k/6, (K =80} =~ H € K/ 54 ( k=30} (22)

From equations 20, 21 we conclude that knowingg)Fis
completely sufficient for determining the bias error. If we

with (&) given in equation 16. Figure 1 demonstrates the furthermore restrict us to the case of phase slopes between

meaning of equation 18 for an arbitrary density:
E+000

o H
fo(z+\2n) @) -

fo (& —2m)

/
w >
-2m -1’ H

_60
= [1o& =2m) + ffe) + ffg 2]t (£ 24

ez, (1) (& 130)

Figure 1: The generation of the conditional error distribution
With the help of figure 1 the conditional

calculated:
=0o+TT
¢ Ofira, (0 (&7 00) BE (19,

=-0y-TT

Es {e(K} =

1. As our first case we will consider the intervalt<dg <0.

For this case we can subdivide the integral into the following

two parts:
T =0ytTT
an{e(k)}: & 06(&) OcE + J’s O£ -2m) O
. o o (20.)

=J’ED‘O(E) [@E + 20 J’fo(u)[uuz 2nORy|5( - 1)

2. The second case is given by< oy < 1. Here the following
sequence of operations is valid:

- =0ytTT
an{e(k)}: & Ob(&+2m) Ok + J’s 06(8) Oc
N o (1)
J’mo(s)mf 2n0 Ifo(u)lidu— -2 ORy(8— 1)
—0p+TT

Since fg(€) = fo(=&) is an even density function, symmetric

around zero, the corresponding distributii (£) will show
the following symmetryFy(-¢) =1- Fy(€) .
equations 20 and 21,

respect to the nominal valuk,:

expectation
Es {&(K} = E{eé B/ 3 k=50} of the bias error is readily

From inspecting

respectively, we conclude that the
conditional mean of the bias error is an odd function with

we can utilize equation 16 and write:
3 3 3

Fo(8) = If5 (k)(u+2n)du+J' f5 (k)(@de § (U2 d(23)

+ +F
F5. 10 (€21 (k)(E) F5 (-2 1
where in the last equality we have only used the usual symmetry
properties. For convenience we will furtheron restrict ourselves
to the case of positive slopes so that we can substitute equation

23 into equation 21 and write:

E{e( K/85(R :60} = —2m0R(8 - 1)

O O
g (24))
= 7215, 10 (G0 + 1)+ F (1 (00 = 1) + F5 (80~ 30) = 1
% H
Spt+m
2n[g~5 9@+ = F5 (- 50)@' 2nDIf6(k)(5)dz
m-04

The distribution density is periodic with respect ta &his
means that we can expand it in a Fourier series:

0. mL& D
f5 0@ = z dr, expBl (25.)
Substituting equation 25 into 24 we readily obtain:
50+7T <] E
mC¢ 0
E{e(19/ 85 (9 = 0} = - dhexpa 75 0k
8o Mo (26.)

Op+1T Y
=-2n Z I exp@j %Egif = —4n60n:Zmdmjmsié.n—2°ﬁ

where the Fourier coefficients are given by:
0O .mvQd
DJ’ 5,00V Eepo J—va 27.)

Now we approximately calculatg, &y FFT-techniques by:

N
(m) 0<sm<—
5e(k) 2

O
SRR
Ay 0= for
N
_ N
gm m) - sms-1 (28.)

5e(k)
nmQ]

where dbge(k)(rr): Z £ o mxpe— 2n—H

5 (k)(n) is the sampled continuous densﬂtg ) (&) where:



fge(k) (n) = fse(k) (En = n@o)

Bios aver FPhose Slope

am (29.) 0.0 y=10
where ¢o =— is the sampling interval e f =0.9 E
N 0.5
08,
The continuous densityg (k)(f) is, as indicated by equation 7, —1ar 207 3
the continuous correlation. The discrete equivalent employing E -1.5F .\\V\j?-‘ﬁ \\ ]
the sampled versions of the individual densities is given by: .:'y.“\:\(fx\\ !
—-2.0r n W
AT ;\“\S\ \\\\
5 10 (M = Hey (ke Mg (p (M) (30.) —25f y=0 l“\%_.\\:\\\\\*
"\§\:
Realizing this discrete convolution as a cyclic convolution we —30L s
carry over to FFT-techniques by writing: 0.0 a.a 1.0 1.5 2.0 2.5 3.0

N-1

ar
fSe(k)(n) = N EI% fe¢(k+1)(|) [fe¢(k) (I +n) (31.)

The result of equation 31 can be easily obtained in the frequenc

domain by letting:

4 *
(m) :W@Deq,(kﬂ) (M) g p(m

Se(K)

where the Fourier transforms are calculated by::

N-1

(32))

0 .. nmQd
Pey (ke (M = Y o (hep (M @XRAT 200 (33)
n=0

Then the rule for approximately evaluating the bias is:

N-1
~ 1 0 .._nmQd
e, (k+) (M) -WDnZO fe, (ke (M) EEXPH' JZHWH

0<dpsm

FPhozse Slope
Figure 2: Bias Error over Phase Slope

3.0 CONCLUSIONS: HOW TO SOLVE THE PROBLEM?

)bo not apply any filtering to the phase slope!

Any filter operation will produce an estimate which is ‘nearer’ to
the conditional mean, which is not identical with the true phase
slope. If any filtering is to be applied it should be applied to
complex data rather than to the phases or phase slopes.

Correct the bias by subtracting it!

With the results given irequation 34 it should be possible to
eliminate the bias by simply subtracting it. The bias estimation
of equation 34 is a keypoint to maintain Linear Least Squares
phase unwrapping approaches.

Use unbiased estimators!

Clearly the best solution to a problem is an approach which
prevents the problem from arising. This can be achieved by
applying unbiased phase slope estimators. All these estimators
share the common property that they operate on complex data
rather than on the phases. A very reasonable approach would be

0 @ kan(M) e w(m osm<N to use an Extended Kalman Filter which does not explicitly
- EE €y (k+1) &(R 2 (34.) differentiate any mapped phases [2,3]. Recently a combination
O = 47708 . for N " of local slope estimation and Kalman filtering techniques has
a"%(kﬂ)(’\“m) [P (y(N-1 - sms-l been proposed [4,5]. This combination yields unbiased and

nearly perfectly noisefree unwrapped phases down to coherence
values of 0.3 without any prefiltering!
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