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Zerolconstant modulus (ZCM) signals are complex signals for
which every sample is either zero or has modulus 1. Such sig-
nals arise after imprecise carrier-to-baseband conversion of binary
{0,1}-modulated signals, or with intermittent phase-modulated
signals. Weconsider the separation of linear superpositions of such
signals using analytic techniques. An application isthe separation
of multiple partly coinciding aircraft transponder signals (SSR re-
ply signals).

1. INTRODUCTION

Aircraft transponder signals (secondary surveillance radar (SSR)
mode-Sreply signals[1,2]) arein essence binary PAM signalswith
aphabet {0,1} and symbol period 0.5us, modulated on a carrier
fc = 1090MHz + 3MHz. A data burst consists of 56 or 112 hits,
which are subsequently Manchester encoded (0 - 01, 1 — 10). It
does not contain training bits. Because transponders can be trig-
gered by neighboring ground stations, it frequently occurs that a
ground station receives a superposition of two such signals, par-
tially overlapping in frequency and time. We are interested in the
possihility of separating them using adaptive antenna arrays.

A simple and quite general data model is obtained by defining a
zero/constant modulus (ZCM) signal asacomplex signal for which
every sample is either zero or has modulus 1. The received data
consists of several unknown linear combinations of such signals.
Indeed, the zero symbols in this model are either part of the mes-
sage, or can account for thefact that the message hasfinite duration.
Likewise, the wide tolerance on the carrier frequencies in the SSR
application implies that, after conversion to baseband, a residual
carrier ispresent so that we haveaZCM signal rather than abinary
{0,1}-signal.

Several techniques have been developed to estimate and separate
linear superpositions of signals. They can broadly be characterized
as (1) those that use properties of the channel, such as a parame-
trized multipath model and a known or structured antenna array,
and (2) those that use properties of the signals. Some of the prop-
erties used in the latter category are training (known data), con-
stant modulus, finite al phabet, cyclo-stationarity, and statistical in-
dependence. For each of these, several methods are available to
estimate the mixing matrix. Typical methods are based on cost-
function optimization using gradient-search or iterative techniques.
Such methods are very much dependent on accurate initial points.

Since data bursts are short, we are interested in algebraic algo-
rithmsin which the mixing matrix is found as the best-fitting solu-
tion to a set of algebraic equations. For constant-modulus signals,
a successful algorithm is the Analytic CMA (ACMA) [3], which
solvesan overdetermined set of quadratic equations. Thealgorithm
has been specialized to separate superpositions of binary {+1} or
{0, 1} signals[4], and hasinteresting but unexpl ored connectionsto
algebraic techniques for stochastic source separation, cf. e.g., [5].
In the present paper, we explore ways to account for the present
more general conditionson thesignals: datablocks duetoindepen-

Figure 1. Beamforming scenario

dent sources are not necessarily synchronized in time, and carrier
frequencies are not 100% identical.

2. SEPARATION BASED ON THE ZCM PROPERTY

2.1. Algorithm outline

We consider a scenario as depicted in figure 1. Suppose we have
collected adatablock X = [x1 - - -xn] of received signals, consisting
of N complex-valued vector samplesfrom M antennas. If d sources
are present and the multipath delay spread is small relative to the
sampling period, then the datamatrix X : Mx N isdescribed by the
standard model

X =AS=ays + -+ a4y,

where all entries (s)x 0 ZCM. We assume that d < M, and that
A and Shave full rank d. The objective isto retrieve all (nontriv-
ial) ZCM signalspresentin X, i.e. tofind all complex beamforming
vectors w that lead to linearly independent ZCM signals s= w™X.
To avoid nonuniqueness in cased < M, we first replace X by any
full rank d matrix V = [vy ---vy] that has the same row span, for
example as obtained from an SVD of X. Thus we look for all d
linearly independent w # O such that

wh/ =sOZCM.

Since A and Sare assumed to have full rank d, this equation has at
least d solutions{wsa, - --,wg}. If sufficient samples aretaken, then
itisknown for the CM casethat generically thereareprecisely d so-
Iutions (unique up to arbitrary initial phase) [4], and by extension,
this applies to the ZCM decomposition as well.

The ZCM property can be written as
=1 < s(s5-1)=0  sss=s.

s=0 or
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Substitution of wHy, = s, gives

s=wVDOZCM < wHyviwwHy = why Ok,
The next step isto use aKronecker product notation to separate the
unknown w from the known vy ’'s. Note that the |eft-hand side con-
tains only third-order terms of the entries of w, whereas the right-
hand side only has first-order terms. This imbalance is overcome
by defining

o = [|w]|? = ww

(which is constant for each w) and multiplying the right-hand side
by 1= Zwhw:

s=whv JzCMm
= whpvpwiyy = IwHwwty Ok
o (OWOv) " WOwOw) =
= Lvec(lgOvp) (WOWOW) k.
Define matricesPy, P, with rows (v O v ka)T and vec(ly IZIvk)T
respectively. Then then ZCM separation problem is seen to be
equivaent to finding all solutions (a,y), o # 0to

1

aPyy = Py wherey =wOwOWw. N}

Thisisa (singular) matrix pencil problem of the form Ax = ABX,
with “tall” A and B that are perhaps not full rank. If Py has full
column rank (which requires at least N > d®, and an additional
processing step outlined in section 2.3 below), then it can be shown
that the pair (P, P>) has precisely d generalized eigenval ues (rank-
reducing numbers), necessarily equal toa; = || w; ||2. If thereareno
repeated nonzero eigenval ues, then the corresponding eigenvectors
arey; Ow; Ow; Ow;, fromwhichw; isimmediately obtained, up to
scaling. The correct scaling of w; follows from the corresponding
eigenvalue a;.

2.2. Repeated eigenvalues

If some of the nonzero eigenvalues in (1) are repeated, then the
corresponding eigenvectors form an arbitrary basis of a subspace
which contains the structured vectors we are looking for, and we
need to find the correct linear combinations such that the Kronecker
structure holds. In particular, if a isrepeated d times, with eigen-
vectors{y;i} ?, then we need to find dindependent vectors A1 ---Ag],
each such that the resulting combination admits a factorization

Ay1+ -+ Asys =wOwOw.

This leads to a generalized “tensor-eigenvalue” problem that can
be solved, much asin [4]. We omit the details of thisin this pa-
per. Note that, if V was taken to have orthonormal rows, then
o = wiW; = 55, so that there are repeated eigenval ues whenever
two signals have an equal number of nonzero entries. The case of
repeated eigenvalues can generically be avoided by not taking an
orthonormal V.

In the simulations in section 4, we test both versions of the algo-
rithm: AZCMA1 solves the generalized tensor-eigenvalue prob-
lemonthefull collection of eigenvectors{y;}{, whereasAZCMA?2
simply assumesthat all eigenvalues are distinct and omitsthe extra
processing step.

2.3. Singular pencils

The above technique relied on the assumption that Py is full rank.
However, thisis never the case: the structure of therows of P; im-
plies that some of its columns are repeated. Similarly, y = w0
w O w has repeated entries, and we want our solutions to satisfy
this property. Because it is known which entries are repeated, it is
straightforward to enforce this. define a selection matrix J of size
d® x d?(d + 1), such that

y=J,

wherey’ generically has no repeated entries. Set P := PyJ, P :=
P,J, then generically P; has no repeated columns and has full rank.
At this point, the pencil problem aPyy = P,y is replaced by

aPy’ = Py".

Note that P} has only d nonzero columns. Hence, there are (at
most) d nonzero eigenvalues a. If P} has full rank, then necessar-
ily, these must be equal to the aj = ||w;||. After finding solutions
yj, we set y; = Jy; to add back the repeated entries, which brings
us back to the case considered before.

2.4. Degenerate cases

Depending on thesignals, there are other casesinwhich P} doesnot
have full column rank. E.g., if two signals are purely CM, without
zero entries, then one can show that P] isrank-deficient. Ingeneral,
the columns of the signal matrix Sshould have “sufficiently many”
different combinations with zero/nonzero entries. P; isalso singu-
lar if two sources share exactly the same frequency.

Cases with singular Pj are hard to solve. A more general Schur
form is needed to reveal the eigenvalue structure [6], the eigenval-
ues are not equal to [|w; ||2, and we end up with extra solution vec-
torsy': abasis of the null space of P]. Hence, we cannot assume
that the individual basis vectorsy; factor as w; O w; 0 wj, and we
have to solve the generalized tensor-eigenvalue problem. A com-
plication isthat now the number of basis vectorsislarger than the
number of solutions. Thiscaseisnot treated by thetechniquein[4]
and remains atopic for future research.

2.5. Postprocessing

A further improvement of the estimate for W = [wy ---wyq] is ob-
tained by using it asinitial point in an iterative algorithm to min-
imize the cost function miny g1zcm [WX =S||¢. A simple al-
gorithm based on aternating projections mimics the Gerschberg-
Saxton constant-modulus a gorithm GSA [7] (cf. [4]), and the ILSP
algorithm for digital signal separation in [8]:

ZCMA

fork=1,2,---
a gl) = PronCM [W(k)DX]
b, wk+DO.-_ gk xt

where Projzcp (a) = U(Jal - %) : I%I’ and U(a) isthe unit step func-
tion. Notethat, unlike GSA and ILSP, thisiterativealgorithmrelies
on aproper initial scaling of W, or else the projection might map
everything to 0. Initialized by one of the algebraic algorithms, the
iterative algorithm converges in 2-3 iterations.



3. SEPARATION BASED ON FREQUENCY ESTIMATION

3.1. Algorithm outline

In section 2, our source datamodel was s, = 00|s¢| = 1. However,
for abinary {0, 1} -source with some unknown residual carrier fre-
quency f, more structureis available:

sc=0 07k k.

Call p= €2 (jg| = 1). Theinfluence of k is removed by looking
at s 1S, whichiseither O or @. Altogether, we have

= 001
{ﬁjsk = 00¢@ Ok
i (5% 1) -0
{3-1&(55_1&—@ = 0 Ok @

Similar as before, substitute s, = wHv. Define the Kronecker
productsy = w O w, pl((o) = v O v, pIEl) = VO Vk-1. Then (2)

becomes

{[pﬁ?ﬂpﬁ?]T(yDy) = Ty a3
PO T yOy) = onTy Ok

Collecting all equations into matrices as before, we obtain

Pu P ||z —
{pﬂ (ppzzHy} 0 (=1 y=wOw, z=y0y), (4
and we have to find al d solution triples (¢, z,y) of the indicated
structure.

Again, the problem is essentially a generalized eigenvalue prob-
lem. Thisisimmediately seen by writing (4) as

Pll P]_z 4 0 0 4

[ Py 0 } M ™ } M ©
Hence, —@is one of the generalized eigenvalues of the above ma-
trix pair, and [z7 y"|T isits corresponding eigenvector. In fact,
there are d? finite eigenvalues, and we must choose the d eigen-
values that are on the unit circle (the others are located randomly
throughout the plane). If theresulting{ @} aredistinct (theresidua
frequencies modulo the sampling rate are not the same), then the
second block of the corresponding elgenvectors{y;} can directly
be factored asy; = w;j O w;, which gives the desired beamforming
vectors. On the other hand, if frequencies are exactly coinciding,
then again we need to solve atensor-eigenval ue problem to find out
which linear combinations of the corresponding eigenvectors lead
to the desired Kronecker structure.

Because of the arbitrary normalization of eigenvectors, the factor-
izationy = wJw determinesthedirection of w, but not its scaling.
The latter can be computed by looking at the norm of the corre-
sponding z: sincez =y Oy, we have [|w|? = ||Z||/|ly||-

3.2. Real processing

Because of its symmetries, it is possible to transform [z7 y']T to
areal vector without duplicates: thereis amatrix J with asimple
fixed structure, such that

where Z and ¥ are real-valued without duplicate entries. We have
to transform the B to P = B;J accordingly. After this transfor-
mation, Pj;,P},,Z,y’ are real-valued, and since || = 1, we can
come up with an additional relation P,y = —@P5,Z'. Using this
relation, the generalized eigenvalue problem (5) becomes

Pil PZ;.Z 7z 0 0 7z
Py O y’} =-¢| 0 Py {y’} .
0 Py Py O

Asit turns out, this data extension greatly improves the quality of
the estimates. Thisagorithmiscaled AFZA inthesimulationsin
section 4.

3.3. Alternative

Alternatively, we can try to combine both algorithms, by multiply-
ing(3) by 1= éWE\N. This then leads to a pair of coupled eigen-
value equations of the form

0
0, z=(wOw)O(wOw),

(aPy1+Pio)z
(BP21 + Pa2)z

where || = a. Unfortunately, it isnot clear how such equations are
optimally solved.

4. SIMULATION RESULTS

To get a crude understanding of the performance of the proposed
algorithms, we simulated a scenario with d = 2 sources, arriving
at an antenna array consisting of M = 2 antennas spaced at half-
wavelength. The signals were Manchester coded binary signals
(i.e.“0" istransmitted as“ 01", and “1” istransmitted as“10"). The
datablock covers 40 symbols (corresponding toN = 80 symbol pe-
riods of the coded signdl), and signal 1 is present throughout. The
sampling period T is equal to the coded (shorter) symbol period.
Thefirst signal has arandomly selected residua carrier frequency
and arrives from 0° (broadside). The second signal has a differ-
ent residual carrier frequency and direction and startsafter acertain
time separation, so that itisonly partially present in the data block.
It has the same power asthefirst signal.

The algorithms aretested for arange of SNRs, angle, time and fre-
quency separations, and theresultsare averaged over 300runs. The
resulting worst residual signal-to-interference ratio (SIR) among
the recovered signals is plotted in figure 2, labeled with ‘' +' signs.
Theinitial worst SIR before separation is 0 dB.

Asdiscussed in section 2.5, the resulting estimates of W can also be
used asinitial pointsinthe ZCMA iterative agorithm. Thisusually
givesasignificant improvement in the performance, asisshown by
the‘o’ curves. For comparison, we also plot theresults of theitera
tive algorithm initialized with thetrue A, which indicates the ‘ best’
(be it non-ML) type of performance that can be expected for this
problem. It isseen that the algorithms after postprocessing usually
reach the same performance.

Other observations are

« All threeagorithmsfail for precisely equal frequencies. For
AFZA this is because the eigenvalues coincide, which is
not taken into account in the implementation. For the two
AZCMA agorithms, thisis because the P; matrix becomes
singular, for which there is yet no solution. The problem
goes away already if the frequency difference is more than
about 1 % of the symbol rate, or 1 cycle in the entire data
batch.
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Figure2. Averageworst residual SIR among therecovered signals, asafunction of (a) SNR, (b) DOA separation, (c) frequency separation,

(d) time separation.

¢ Thetime separation is critical for AZCMAZ2. If itissmall,
then the number of 1'sin both signalsis approximately the
same, so that the nonzero eigenvalues of P; coincide. This
isnot accounted for in AZCMA2, so that the algorithm fails
in these cases.

¢ AFZA isusualy less accurate than the other two methods.
Thisis partly due to the fact that it is based on 4-th powers
of the datarather than 3-rd. Animportant effect is also that
the estimate of the frequencies is based on information on
f_la(, whichisnonzero only if both s—; and s¢ are nonzero.
This makes these estimates much more sensitive to noise.

The main conclusion to be drawn from the exploration in this pa
per isthat it iscertainly possiblein theory to separate ZCM signals
based on algebraic algorithms. Practical issues and efficient imple-
mentations have not been studied yet. The problemisrichin struc-
ture, and admits significant further improvements.
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