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DEVWUDFW

Wkh sureohp dgguhvvhg lq wkh sdshu lv wkh ghwhfwlrq
ri deuxsw fkdqjhv hpehgghg lq pxowlsolfdwlyh froruhg
Jdxvvldq qrlvh1 Wkh pxowlsolfdwlyh qrlvh lv prghohg
e| dq DU surfhvv1 Wkh Qh|pdq Shduvrq ghwhfwru lv
ghyhorsshg zkhq wkh deuxsw fkdqjh dqg qrlvh sdud0
phwhuv duh nqrzq1 Wklv ghwhfwru frqvwlwxwhv d uhihu0
hqfh wr zklfk vxerswlpdo ghwhfwruv fdq eh frpsduhg1
Lq sudfwlfdo dssolfdwlrqv/ wkh deuxsw fkdqjh dqg qrlvh
sdudphwhuv kdyh wr eh hvwlpdwhg1 Wkh pd{lpxp olnh0
olkrrg hvwlpdwru iru wkhvh sdudphwhuv lv wkhq ghulyhg1
Wklv doorzv wr vwxg| wkh jhqhudol}hg olnholkrrg udwlr
ghwhfwru1

41 LQWURGXFWLRQ

Wkhuh lv dq lqfuhdvlqj lqwhuhvw lq pxowlsolfdwlyh qrlvh
prghov iru pdq| vljqdo surfhvvlqj dssolfdwlrqv vxfk
dv lpdjh surfhvvlqj +vshfnoh,1 Wklv sdshu dgguhvvhv
wkh sureohpv ri ghwhfwlrq dqg hvwlpdwlrq ri deuxsw
fkdqjhv fruuxswhg e| pxowlsolfdwlyh froruhg Jdxvvldq
qrlvh1 Wkh vljqdo fdq eh prghohg dv=

{ +q, @ e +q, v +q, q @ 4> ===>Q +4,

Lq lpdjh surfhvvlqj/ e +q, @p.| +q, lv wkh pxowlsolfd0
wlyh vshfnoh qrlvh +zlwk phdq p, dqg v +q, lv d olqh ri
wkh lpdjh1 Zkhq lqwhqvlw| lpdjhv duh frqvlghuhg/ wkh
vwdwlvwlfdo surshuwlhv ri e +q, dqg v +q, fdq eh gh�qhg
dv iroorzv1

Wkh vshfnoh qrlvh lv xvxdoo| prghohg dv d vwdwlrqdu|
h{srqhqwldoo| glvwulexwhg surfhvv1 Krzhyhu/ lq pdq|
dssolfdwlrqv lqfoxglqj VDU lpdjh surfhvvlqj/ wkh vshfnoh
lv uhgxfhg e| lqfrkhuhqwo| dyhudjlqj Ql xqfruuhodwhg
lpdjhv iru odujh ydoxhv riQl ^5`1 Wkh uhvxowlqj uhgxfhg0
vshfnoh lqwhqvlw| lpdjhv duh Jdxvvldq glvwulexwhg +xv0
lqj wkh fhqwudo olplw wkhruhp,1 Wkh vlpsoh fdvh ri d
pxowlsolfdwlyh zklwh Jdxvvldq qrlvh kdv ehhq vwxglhg lq
^<`1 Krzhyhu/ dv lw lv vshfl�hg lq ^5`/ lw lv pruh uhdolvwlf
wr prgho wkh vshfnoh e| d edqg0olplwhg qrlvh surfhvv

frqwdlqlqj rqo| orzhu vsdwldo iuhtxhqflhv1 Lq wklv fdvh/
wkh dojrulwkpv ghyhorshg lq ^<` fdqqrw eh xvhg1 Khuh/
| +q, lv dvvxphg wr eh d }hur0phdq Jdxvvldq vwdwlrqdu|

DU+s, surfhvv zlwk sdudphwhuv �5 dqg d @ +d4> ===> ds,
W 1

Wkh pxowlsolfdwlyh froruhg qrlvh | +q, fdq eh prghoohg
e| dq DU surfhvv iru wkh iroorzlqj uhdvrqv=

�iru dq| uhdo0ydoxhg vwdwlrqdu| surfhvv | +q, zlwk
frqwlqxrxv vshfwudo ghqvlw| V +i,/ dq DU surfhvv fdq
eh irxqg zlwk d vshfwudo ghqvlw| duelwudulo| forvh wr
V +i, +^6`/ s1 463,1

�}hur0phdq Jdxvvldq surfhvvhv duh frpsohwho| gh0
�qhg e| wkhlu vshfwud1

Dq lghdo deuxsw fkdqjh fdq eh prghoohg dv d vwhs
ri dpsolwxgh D/ orfdwhg dw srvlwlrq q3 ^4`/^5`=

v +q, @ 4 q � q3

v +q, @ 4 .D q A q3
+5,

Ht1 +5, prghov wkh hgjh ehwzhhq wzr uhjlrqv zlwk gli0
ihuhqw uh�hfwlylwlhv lq slhfhzlvh frqvwdqw edfnjurxqgv1
Deuxsw fkdqjh ghwhfwlrq dqg hvwlpdwlrq/ fruuxswhg e|
dgglwlyh qrlvh/ kdv ehhq vwxglhg iru orqj wlph +vhh ^4`
dqg uhihuhqfhv wkhuhlq iru dq ryhuylhz,1 Wkh qhz frq0
wulexwlrq khuh lv wkh ghyhorsphqw ri vhyhudo ghwhfwlrq
dojrulwkpv iru deuxsw fkdqjhv pxowlsolhg e| d fro0

ruhg Jdxvvldq qrlvh1
Wkh �uvw sduw ri wkh sdshu vwxglhv wkh rswlpdo Qh|0

pdq Shduvrq Ghwhfwru +QSG,1 Wkh QSG lv rswlpdo lq
wkh vhqvh wkdw lw plqlpl}hv wkh Suredelolw| ri Qrq Gh0
whfwlrq +SQG, iru d �{hg Suredelolw| ri Idovh Dodup
+SID,1 Wkh deuxsw fkdqjh dqg qrlvh sdudphwhuv kdyh
wr eh hvwlpdwhg lq sudfwlfdo dssolfdwlrqv1 Wkh Pd{l0
pxp Olnholkrrg Hvwlpdwru +POH, iru wkhvh sdudphwhuv
dqg wkh Jhqhudol}hg Olnholkrrg Udwlr Ghwhfwru +JOUG,
duh wkhq vwxglhg1

51 QH\PDQ SHDUVRQ GHWHFWRU +QSG,

Xqghu k|srwkhvlv K3/ wkh vljqdo lv d vwdwlrqdu| }hur0
phdq DU+s, Jdxvvldq vhtxhqfh |+q, zlwk sdudphwhuv



�
5 dqg d @ ^d4> ===> ds`

Wsoxv d frqvwdqw phdq p

{ +q, @ |+q, .p +6,

Xqghu k|srwkhvlv K4/ wkh surfhvv | +q, .p lv pxo0
wlsolhg e| dq dpsolwxgh D deuxsw fkdqjh dw wlph w3=

{+q, @ +|+q, .p, v +q, +7,

Xqghu k|srwkhvlv Kl/ wkh olnholkrrg ixqfwlrq iru wkh
Jdxvvldq yhfwru [ @ ^{+4,> ===> {+Q,`W +zlwk phdq Pl

dqg fryduldqfh pdwul{ 	l, ghqrwhg O +[ mKl , lv gh�qhg
e|=

oqO +[ mKl , @ �4
5
+[ �Pl,

W 	�4l +[ �Pl,
�q

5
oq +5�,� 4

5
oq m	lm

+8,

Lq +8,/ m	lm lv wkh 	l pdwul{ ghwhuplqdqw/P3 @p ^4> ===> 4`W

dqg P4 @ pV zlwk V @ ^v +4, > ===> v +Q,`W 1 Wkh lq0
yhuvh fryduldqfh pdwul{ ri dq DU+s, surfhvv fdq eh
h{suhvvhg dv d ixqfwlrq ri wkh prgho sdudphwhuv �5 dqg
d @ ^d4> ===> ds`

W zlwk wkh Jrkehuj0Vhphqfxo irupxod=

	�43 @
4

�5

�
II

W �JJ
W
�

+9,

zkhuh I dqg J duh Q �Q orzhu wuldqjxodu pdwulfhv
gh�qhg iru lqvwdqfh lq ^;`1 Xqghu k|srwkhvlv K4/ wkh
lqyhuvh fryduldqfh pdwul{ ri wkh yhfwru [ fdq wkhq eh
h{suhvvhg dv=

	�44 @
4

�5
G
�
II

W �JJ
W
�
G +:,

zkhuh G @ gldj +4@v+4,> ===>4@v +Q,, lv d gldjrqdo Q �
Q pdwul{ zkrvh hohphqwv duh 4@v +l,1 Wkh Qh|pdq0
Shduvrq whvw lv gh�qhg e|=

K3 uhmhfwhg li T +[, A V +SID, +;,

Lq +;,/ T +[, @ T3 +[, � T4 +[, zkhuh T3 +[, dqg
T4 +[, duh wkh wzr srvlwlyh gh�qlwh txdgudwlf irupv

T3 +[, @ +[ �P3,
W 	�43 +[ �P3,

T4 +[, @ +[=@V �P3,
W 	�43 +[=@V �P3,

Wkh rshudwru +=@, ghqrwhv wkh hohphqw e| hohphqw yhf0
wru glylvlrq1 Qrwh wkdw wkh frpsxwdwlrq ri T3 +[, dqg
T4 +[, fdq ohdg wr d kljk frpsxwdwlrqdo frvw vlqfh
I dqg J duh Q � Q pdwulfhv1 Wr vroyh wklv sure0
ohp/ T3 +[, dqg T4 +[, fdq eh h{suhvvhg dv txdgudwlf
irupv ri wkh DU sdudphwhuv1 Wklv ohdgv wr d vlpsoh
frpsxwdwlrq ri wkh whvw vwdwlvwlfv T +[, xvlqj s � s

pdwulfhv ^8`1 Wkh txdgudwlf irup T +[, lv lqgh�qlwh
lq jhqhudo1 Uhodwlyho| olwwoh dwwhqwlrq kdv ehhq ghyrwhg
wr wkh sureohp ri rewdlqlqj wkh glvwulexwlrq ri lqghi0
lqlwh txdgudwlf irupv ri Jdxvvldq yhfwruv1 Odjxhuuh

ru Pdfodxulq vhulhv h{sdqvlrqv/ ru h{sdqvlrqv dv pl{0
wxuhv ri qrqfhqwudo "5 glvwulexwlrqv kdyh ehhq ghulyhg1
Krzhyhu/ wkhvh h{sdqvlrqv duh gl�fxow wr vwxg| ^9`1 Lq0
vwhdg/ wkh glvwulexwlrq ri T +[, fdq eh dssur{lpdwhg/
ohdglqj wr d vlpsoh whvw vwdwlvwlf1 Iru h{dpsoh/ Ilj1*v
4=d, dqg e, vkrz wkdw wkh Suredelolw| Ghqvlw| Ixqfwlrq
+SGI, ri T +[, fdq eh dssur{lpdwhg e| wkh Jdxvvldq
SGI xqghu k|srwkhvhv K3 dqg K41
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Ilj 41 Klvwrjudpv dqg SGI ri T +[, zlwk <8(
frq�ghqfh lqwhuydov d, xqghu K3 e, xqghu K4
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Ilj1 51 URF Fxuyhv iru wkh QSG

Wkh dssur{lpdwhg URF fxuyhv duh vkrzq lq Ilj1 5
dv d ixqfwlrq ri wkh deuxsw fkdqjh dpsolwxgh D1 Dv lw
fdq eh vhhq/ iru D A 3=38/ wkh whvw vkrzv yhu| jrrg shu0
irupdqfh1 Wkh qrlvh dqg deuxsw fkdqjh sdudphwhuv duh



xqnqrzq lq sudfwlfdo dssolfdwlrqv1 Wkxv/ wkh sdudph0
whuv kdyh wr eh hvwlpdwhg1 Wkh qh{w sduw ri wkh sdshu
ghulyhv wkh Pd{lpxp Olnholkrrg Hvwlpdwru +POH, iru

� @
�
p>�

5
> d> D>q3

�W
1

61 PD[LPXP OLNHOLKRRG HVWLPDWRU

Wkh pd{lpxp olnholkrrg sulqflsoh surylghv d phwkrg
wr hvwlpdwh d sdudphwhu yhfwru � iurp d �qlwh ohqjwk
gdwd uhfrug [ @ ^{ +4, > ===> { +Q,`W 1 Xqghu k|srwkh0
vlv K3/ [ �P3 lv d Jdxvvldq DU+s, surfhvv zkrvh
sdudphwhuv fdq eh hvwlpdwhg zlwk wkh frqyhqwlrqdo dx0
wrfruuhodwlrq ru fryduldqfh phwkrgv ^:`1 Wklv vhfwlrq
irfxvhv rq hvwlpdwlqj wkh qrlvh dqg deuxsw fkdqjh sd0
udphwhuv xqghu k|srwkhvlv K41 Wkh qrlvh dqg deuxsw
fkdqjh sdudphwhuv duh

�
p>�

5
> d
�
dqg +D>q3, vxfk wkdw

� @
�
p>�

5
> d>D> q3

�W
zlwk d @ ^d +4, > ===> d +s,`W 1 Wkh

h{dfw pd{lpl}dwlrq ri wkh olnholkrrg ixqfwlrq ri wkh
Jdxvvldq yhfwru [ surgxfhv d vhw ri kljko| qrq0olqhdu
htxdwlrqv/ hyhq lq wkh sxuh DU fdvh +D @ 3, ^;`1 Wkh
pd{lpl}dwlrq ri wkh olnholkrrg ixqfwlrq fdq eh dssur{0
lpdwhg e| pd{lpl}lqj wkh frqglwlrqdo olnholkrrg ixqf0
wlrq iru odujh gdwd uhfrugv +^:`/ s1 4;9,=

O+{ +s.4, > ===> { +Q, m { +4, > ===> { +s, >�, +<,

Wkh gulylqj DU+s, surfhvv x+q, lv dvvxphg dq l1l1g1 vh0
txhqfh zlwk }hur phdq dqg yduldqfh �51 Wkh Mdfreldq
pdwul{ ghwhuplqdqw ri wkh wudqvirupdwlrq iurp hX @
^x +s. 4, > ===> x +Q,`W wr h[ @ ^{ +s. 4, > ===> { +Q,`W lv

mM m @

%
QT

l@s.4

v +l,

&�4
1 Frqvhtxhqwo|/ wkh SGI iru h[

frqglwlrqhg rq wkh s �uvw ydoxhv {+4,> ===> {+s, fdq eh
ghwhuplqhg=

O

� h[� @ O

� h[ m { +4, > ===> { +s, > �
�

@ mMm

+5��5,+Q�s,@5
h{s i

�
{>p>�5> d> v

� +43,

zlwk

i
�
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�
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sS
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�
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sS
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��5 +44,

Vhwwlqj wkh sduwldo ghulydwlyhv ri oqO
� h[�zlwk uhvshfw

wrp dqg �5 wr }hur dqg uhsodflqjp dqg �5 lq oqO
� h[�e|

wkhlu hvwlpdwhv/ wkh fulwhulrq M4 kdv wr eh pd{lpl}hg
zlwk uhvshfw wr d>D dqg q3 zkhuh

M4

� h[> d>D> q3
�
@ �

Q[
l@q3.4

oq v +l,�
Q � s

5
oqT +d,

+45,

M4 lv pd{lpl}hg ryhu d e| plqlpl}lqj T +d,1 Qrwh
wkdw T +d, lv d txdgudwlf irup lq d1 Dv d uhvxow/ lwv
gl�huhqwldwlrq |lhogv d joredo plqlpxp +zklfk pd|
qrw eh xqltxh, gh�qhg e| d pdwul{ htxdwlrq ghqrwhg
dv ZedPO @ �z1 edPO lv wkhq vxevwlwxwhg lq +45,1

Wkh pd{lpl}dwlrq ri O
� h[ m { +4, > ===> { +s, >�

�
ryhu wkh

zkroh sdudphwhu yhfwru � lv htxlydohqw wr wkh pd{l0

pl}dwlrq ri M5
� h[>D>q3

�
@ M4

� h[>edPY >D> q3

�
zlwk

uhvshfw wr +D>q3,
W rqo|1 Wkxv/ wkh POH iru wkh sdud0

phwhu yhfwru +D>q3,
W lv=

fq3 @ duj pd{
4�n�Q

�
vxs
D

M5

� h[>D>n
��

+46,

eD @ duj vxs
D

M5

� h[>D>fq3� +47,

Wklv fdvh lv vljql�fdqwo| pruh frpsolfdwhg wkdq wkh
zklwh Jdxvvldq pxowlsolfdwlyh qrlvh fdvh ^<`1 Wkh gli0

ihuhqwldwlrq ri M5
� h[>D>q3

�
zlwk uhvshfw wr D |lhogv

d vhw ri qrq0olqhdu htxdwlrqv zklfk gr qrw ohdg wr dq
dqdo|wlfdo forvhg irup h{suhvvlrq ri eD1 Frqvhtxhqwo|/
d qxphulfdo phwkrg kdv wr eh xvhg iru wkh hvwlpdwlrq
ri vxs

D

M5

� h[>D> n
�
1 Wklv sdshu sursrvhv wr xvh wkh

frqyhqwlrqdo lwhudwlyh txdvl0Qhzwrq EIJV dojrulwkp
+dydlodeoh lq wkh Pdwode rswlpl}dwlrq wrroer{,1 Sdu0
wldo ghulydwlyhv duh frpsxwhg xvlqj d qxphulfdo gl�hu0
hqwldwlrq phwkrg yld �qlwh gl�huhqfhv +dowkrxjk wkh|
fdq eh dqdo|wlfdoo| ghulyhg zlwk kljkhu frpsxwdwlrqdo

frvw,1 Lq jhqhudo/ wkh frvw ixqfwlrq M5

� h[>D> n
�
kdv

vhyhudo orfdo pd{lpd1 Wkxv/ wkh rswlpl}dwlrq surfh0
gxuh kdv wr eh lqlwldol}hg vx�flhqwo| forvh wr wkh joredo
pd{lpxp1

Deuxsw fkdqjh lqvwdqw lqlwldol}dwlrq

Zkhq wkh pxowlsolfdwlyh qrlvh lv qrq0}hur phdq
+p 9@ 3,/ wkhuh lv d vlpxowdqhrxv phdq ydoxh dqg ydul0
dqfh mxps diwhu wkh deuxsw fkdqjh lqvwdqw1 Wkh r�0
olqh hvwlpdwlrq surfhgxuh ghvfulehg lq +^4`/ s1 99, iru
deuxsw phdq fkdqjhv wkhq fdq eh xvhg iru wkh lqlwldo0
l}dwlrq ri fq31

D phdq ydoxh mxps rffxuv lq wkh vljqdo {5 +q,/ zkhq
wkh pxowlsolfdwlyh qrlvh lv }hur0phdq +p @ 3,1 Wklv
mxps fdq eh xvhg iru wkh lqlwldol}dwlrq ri fq31

Deuxsw fkdqjh dpsolwxgh lqlwldol}dwlrq

Diwhu wkh deuxsw fkdqjh lqvwdqw kdv ehhq hvwlpdwhg/
wkh dpsolwxgh D fdq eh hvwlpdwhg e| wkh udwlr ri wkh
phdqv ehiruh dqg diwhu wkh fkdqjh lqvwdqw1

Wkh Phdq Vtxduh Huuruv +PVH, ri eDPO dqg fq3PO

frpsxwhg zlwk Qu @ 833 Prqwh0Fduor uxqv duh gh0
slfwhg lq Ilj1 6/ iru p @ 4> �5 @ 4>D @ 3=8> q3 @

Q
5
/

yhuvxv wkh qxpehu ri vdpsohv1 Wkh frpsdulvrq zlwk
wkh wuxh sdudphwhuv vkrzv wkh PO dojrulwkp h�flhqf|1
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Ilj1 61d, Phdq Vtxduh Huuru ri fq31
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Ilj1 61e, Phdq Vtxduh Huuru ri eD1
71 JHQHUDOL]HG OLNHOLKRRG UDWLR

GHWHFWRU +JOUG,

Wkh Jhqhudol}hg Olnholkrrg Udwlr Ghwhfwru +JOUG,
hvwlpdwhv wkh xqnqrzq sdudphwhuv xqghu k|srwkhvhv
K3 dqg K4 xvlqj wkh pd{lpxp olnholkrrg surfhgxuh
dqg xvhv wkhvh hvwlpdwhv lq wkh Qh|pdq0Shduvrq whvw
gh�qhg lq +;,1 Wkh JOU whvw iru rxu sureohp lv=

K3 uhmhfwhg li
O

�
[

��� e�4PO

�
O

�
[

��� e�3PO

� A n+SID, +48,

zkhuh e�lPO ghqrwhv wkh POH ri � xqghu k|srwkhvlvKl1
Wkh JOU whvw shuirupdqfhv duh ghslfwhg lq Ilj1 7 dv d
ixqfwlrq ri wkh deuxsw fkdqjh dpsolwxgh1 Qr rswlpdo0
lw| surshuw| fdq eh rewdlqhg iru wkh deuxsw fkdqjh gh0
whfwlrq sureohp zkhq wkh deuxsw fkdqjh lqvwdqw lv xq0
nqrzq/ hyhq li wkh sdudphwhuv ehiruh dqg diwhu fkdqjh
duh nqrzq ^7`1 Krzhyhu/ Ilj1 7 vkrzv wkdw wkh JOUG
kdv d jrrg shuirupdqfh iru dq deuxsw fkdqjh dpsol0
wxgh D � 3=51
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Ilj1 71 URF Fxuyhv iru wkh JOUG

81 FRQFOXVLRQ

Wkh rswlpdo Qh|pdq0Shduvrq Ghwhfwru +QSG, zdv vwxg0
lhg iru wkh deuxsw fkdqjh ghwhfwlrq/ lq suhvhqfh ri d
pxowlsolfdwlyh froruhg Jdxvvldq qrlvh1 Wkh QSG sur0
ylghv d uhihuhqfh wr zklfk vxerswlpdo ghwhfwruv fdq eh
frpsduhg1 Krzhyhu/ wkh QSG uhtxluhv nqrzohgjh ri
wkh deuxsw fkdqjh dqg qrlvh sdudphwhuv1 Wkh deuxsw
fkdqjh dqg qrlvh sdudphwhuv duh xqnqrzq lq sudfwl0
fdo dssolfdwlrqv dqg kdyh wr eh hvwlpdwhg1 Wkh Pd{l0
pxp Olnholkrrg Hvwlpdwru +POH, iru wkhvh sdudphwhuv
zdv wkhq ghulyhg1 Wkh POH surfhgxuh frpelqhg zlwk
wkh QSG |lhog wkh Jhqhudol}hg Olnholkrrg Udwlr Gh0
whfwru +JOUG,1 Wkh JOUG shuirupdqfh zdv vwxglhg
dv d ixqfwlrq ri wkh deuxsw fkdqjh dpsolwxgh1
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