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ABSTRACT

The problem of recovering a signal in the class of
band-limited functions is studied. We consider a situation
when discrete data points are first grouped to the points of
an uniform grid and then the reconstruction is carried out
from such a reduced data set. The data grouping is common
for computer rounding errors and may also be viewed as a
data compression process. The accuracy of the proposed
grouping techniques is examined. These results are used
to provide an understanding of the number of grid points
required to achieve a given level of accuracy.
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1. SIGNAL RECOVERY

The problem of signal reconstruction from sampled data
can be found in various signal processing and communica-
tion contexts. In most signal processing applications the
signal f(t) to be reconstructed from its discrete samples
{f(37),7 = 0,%£1,...} is modeled as band-limited. Hence,
let f(¢) be a band-limited signal with the bandwidth (maxi-
mal frequency) 2. In the sequel, we shall denote such a class
of signals by BL(£2). It is well-known, due to the celebrated
Whittaker-Shannon sampling theorem, that any f(t) from
BL(Q2) can be represented as

=Y fGnsinc(Z¢-n), @

j==oo

provided that the sampling rate 0 < v < 7/, see [1] - [3],
[8]. Here sinc(t) = sin(t)/t.

In practice, one observes only a finite number of noisy
samples of f(t) and would like to reconstruct f(t) with the
best possible degree of accuracy. Hence let the data be
generated from the following model

yjzf(jT)+€] jzo’il"")in’ (2)

where {¢;} is a noise process assumed to be uncorrelated,
zero mean and finite variance denoted by o2.
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It has been shown in [4] ~ [7] that one must not replace
f(F7) in (1) by y; from (2) in order to obtain converging
reconstruction algorithms from noisy data. To alleviate this
problem a certain degree of smoothing is required yielding
the following reconstruction procedure:

) =7 et - jr), (3)

lilsn

where (t) = sin(Qt)/nt is the reconstruction kernel. See
also [5] for a more general class of reconstruction kernels.

We refer to [4] - [7] for detail analysis of statistical prop-
erties of fn(t) and other related signal reconstruction algo-
rithms.

In this paper we examine a new aspect of reconstruc-
tion algorithms. Namely, the signal recovery problem under
rounding data to grid points defined on an equally spaced
mesh. This topic is motivated by the following two impor-
tant factors:

(a) In many signal processing problems we are frequently
faced with large data sets containing thousands samples per
second. Therefore standard reconstruction techniques be-
come very time consuming and elaboration of reconstruc-
tion methods with a reduced computational complexity is
desirable.

(b) Signals are often sampled imprecisely yielding un-
wanted jitter error. The data grouping approach can trans-
form this nonuniform sampling problem into a standard reg-
ular sampling situation.

In the both aforementioned cases the idea of grouping
observations into blocks can be applied. Hence, let c_n <
c-N+1 < -+ - < cn-1 < ¢n be the equidistant partition with
the grid size k = ¢j41 — ¢; and the number of grid points
2N + 1 smaller than the sample size 2n + 1. Hence the
grid points are on the form ¢t = kh. A grouping rule may
be represented by the weight function w(t) defined on the
interval [—1/2,1/2) such that

9= wler—j7)/h)y;, k=-N,..,.N (4

|il<n

is the weighted sum of the data points {y;, 7| < n} falling
into the k-th block Iy = {j : &x — h/2 < j7 < e + h/2}.
Hence, the sample set {y;,|j| < n} is divided into 2N + 1
blocks with the block size equals h.

A simple grouping corresponds to the uniform w(t),
e, w(t) = 1li_1/2,1/2)(t), where 14(t) denotes the in-
dicator function of A. In this case the formula in (4)
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takes the following form g = Zjelk yj, i.e., it is a sum
of those y;’s which fall into the k-th block Ix. The fol-
lowing weight functions w(t) = w(l — 2Jt))1{_1/2,1/2)(%),
w(t) = 6(1/4 — t*)1[-1/2,1/2)(t) correspond to the linear
and quadratic grouping strategies, respectively.

Data grouping defined in (4) combined with our basic
reconstruction scheme in (3) yield the following signal re-
covery technique:

Fa®) =7 grelt —cx), ()

lk|<N
where ¢(t) is the reconstruction kernel defined in (3).

2. ACCURACY OF THE RECONSTRUCTION
ALGORITHM FROM GROUPED DATA

It is our principal goal in this paper to examine the accuracy
of the reconstruction method proposed in (5). Such analysis
allows us to determine the compression ratio N/n yielding a
given level of accuracy. In fact the estimator f,(t) requires
O(n) evaluations at each time point t. We show that N
in (5) can be selected as n”, 0 < v < 1/2 depending on
the behavior of the signal f(t) at +oo and the kind of the
weight function w(t) applied. This implies that the number
of evaluations (after grouping) in fa(t) is of order O(n?),
0<y<1/2

The following result describes the mean square perfor-
mance of fn(t). Let us assume that the weight function
w(t) is of order p > 2, i.e., it satisfies the following condi-

tion:

o0 1 s=0

/ tPw(t)dt=< 0 O<s<p . (6)
oo a#0 s=p

Theorem 1 Let f € BL(Q) and let
F@O < alt] Tt >0 with 0<r<oco. (7)

Suppose that (6) is met. If 7 < h < w/S, then for |t| < Nh
we have

2
. Q —a(r
E(fa(t) = £(£)* < 471+ m(Nh) > £ moh® 4557,

where M, N2, N3 are some positive constants.

It is worth noting that the parameter r appearing in (7)
controls the behavior of f(t) at oo.

It has been shown in [5] that the mean square error of
the reconstruction technique in (3) cannot tend faster to
zero than O(n~2("+1)/(7+3))  The result of Theorem 1 re-
veals that the same rate can be reached by the reduced
complexity reconstruction technique in (5) if one chooses
N of order O(n(P+"+1/P(r+3)y  Hence for r varying from
oo to 0 the computational complexity of (5) is O(n*),
1/2p < A < (p+ 1)/3p. For the simplest grouping strategy
with w(t) = 1[~1/2,1/2)(t) the number of grid points can be
selected as N = |n("+3/2("+3) | where |a| is an integer
part of a. The latter resolves to N = {n'/2] for the slowest
decaying (as 1/|t}) band-limited signals.

The aforementioned results can also be extended to the
case of irregular sampling, i.e., when one instead of (2) has
y; = f(t;) + €, for a certain sequence of points {t;}.
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