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ABSTRACT

Most filters, adaptive or not, formulated using the delay
operator, have no limit when sampling becomes fast and
therefore they will have numerical problems. We will show
that one reason that the normalized lattice filter has less
numerical problems is because that it has a limit as the
sampling period tends to zero. The transfer function in the
s- domain obtained as a limit of the normalized lattice filter
will, however, have only every other power in the denomina-
tor polynomial. We propose a modified normalized lattice
filter that can realize any arbitrary transfer function in the
discrete (z) domain and its order-recursive limit as the sam-
pling period tends to zero can realize any arbitrary transfer
function in the s-domain. Various stability properties of the
new lattice are also studied.

1. INTRODUCTION

As the demand arises for faster information transmission,
fast sampled processes and systems are becoming a neces-
sity. The delay operator, i.e. ¢z(t) = (¢t + 1), based
methods often yield ill-conditioned processes and systems
for fast sampling. This has led to a recent interest in 6-
operator based algorithms [1]-[2], where § = ;1 , which
converge to their corresponding continuous time counter-
parts for a small sampling period A.

In this paper, we consider the normalized lattice filter. It
has many interesting properties such as that the structure is
inherently limited to realizing stable discrete-time transfer
functions, that the filter is more robust to finite precision
errors [5] and that conditions for its time-varying stability
can be established [6], [7], making it suitable for adaptive
applications. Up to date, the only work on delta lattices
and their limiting behaviour as the sampling rate increases
is [3]. In [3], the two multipiler FIR lattice is considered
and by using an alternative formulation based on the delta
operator, it is shown that the filter converges to the un-
derlying continuous time lattice structure, as the sampling
period approaches zero. The limiting continuous time lat-
tice structure has, however, continuous “stages” along the
time axis and is not order recursive in form. Here “order”
refers to the order of differentiation.

In this paper, we will develop a new normalized lattice
structure which will have an order-recursive continuous-
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time limit which can realize any arbitrary all-pole trans-
fer function in the usual s-domain. The limiting continu-
ous time order recursive structure obtained in this paper
is linked to a structure derived from [4]. We will investi-
gate the normalized lattice IIR filter in this regard. The
behaviour of the filter with a fast sampling period as well
as its limit are investigated. Stability issues, both time-
invariant and time varying, are further examined for the
discrete time filter and the limiting continuous time struc-
ture.

2. NORMALIZED LATTICE IIR FILTER AND
ITS LIMIT
The order recursions for the normalized lattice filter are
given by
fn(k) cos 0n+1fn+1(k) + sin 9n+15n(k — 1)
i)n+1(k) = Cos 9n+15n(k -— 1) - sin 0n+1 fn+1(k), (1)

1l

Let us now study the normalized lattice filter as the
sampling period becomes infinitesimal. To accommodate
time-varying situations, we now let all parameters be time-
varying. From the equation for the forward prediction er-
ror in (1) with time-varying parameters cosfny;(k) and
I'ny1(k) = sinbnyi1(k), we thus have

- 1 _ _
bn(k = 1) = =——< [Fa(k) = cos s () urr ()] (2)

Tnya (k)

Replacing (n + 1) by n in the equation for the backward

prediction error in (1) and using (2), after some algebraic
manipulations, we obtain

T el + 1) = cosdnsa (k4 Dnia (b +1)]

_Q-TRR) 1 e e g
= sta(h) TayUr1®) O (k) fa(k)]

~Tn(k)fa(k)
which gives
5 T (k+1) Ful(k)
Fort 1) = Falk +1) + :‘f—%%]
A Ten(k+)Q-TAR)_ A
cosfnqa(k + 1) T'a(k) A2 cos 8, (k)
S Faa(®) 3

"Cos Ont1(k+1)

1941



This is a re-arrangement of (1) in terms of only the forward
prediction errors, which will be shown to have a continuous-
time limit shortly.

When the sampling period becomes infinitesimal, the fol-
lowing limiting condition holds (8] :

lim Tp = (-1)""}, lim 1-T%
A—0 ne ’ A—0 A2

=7n’nSN—1 (4)

where v, is the ratio of the n-th order forward prediction
error energy to the (n —1)-th order forward prediction error
energy at ¢t = 0 [4]. Now let us look back at equation (3).
The first term on the right hand side of (3) can realize
a derivative operation when the sampling period tends to
zero. In fact, from (3), using the limiting conditions (4)
with time-varying parameters, we obtain

1

m—
A0 \Synpr(k+1)

Falk+1) — Fulk)
A

hm Tn(k)

lim fopr(k+1) =

1

\/'rn(k) Vner(k+1)
‘f_n—l(k), n<N-2

+

Therefore,

1 V(1)
(D & B0+ N0 o

where fr41(t) = lima—o fat1(k). Equation (5) is similar
to Pham-LeBreton like order recursion [4],[9].

Now for the first stage of the normalized lattice filter,
n = N and the limiting condition [8] is

. (1=T%(k)
lim ___.A;"I_

A—0

farr(t) = fa-1(2),

=26 (t)’

where £; is the first coefficient of the N-th order parameter
vector £ =[1, &, &, ---, EN] of the corresponding
continuous-time AR model [8]. Thus the limiting structure
for the first stage of the normalized lattice is

_ 1 dr e YOg
26 (t) dt V26:(t)

where fy(k) = -15.2 and fp(t) = ima—o fy(k). We
see from above that f,(k), though obtained from fn(k) by
dividing by V/A, has a continuous-time limit given above
as the sampling period goes to zero. The division by vA
arises from the transition from the discrete-time domain to
the continuous-time domain.

For the last stage of the normalized lattice filter, the
normalized lattice recursions (1) hold with n = 0 and
Jo(k) = bo(k). After some manipulations, using the limit-
ing conditions described above, the limiting continuous time
structure for the last stage is

Sy

n(t) = —2(t)  (6)

fi®) =

— (t 5 fO(t) (7

~—
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n<N-2.

Combining the above, the limiting variable }_N(t) can be
expressed in terms of fo(t) is

N-1

= 1 aN-2
v = [o% i)+ (Z %) 2=z Fo()
2611_[1*1 Y
+ (Z % Z ) dtN—4 fO(t) o
j=1
N-1 =2 j—2 p—2
+ () ZZ Y w1 va) -
i=2M—1 j =1
dN —2M
~gw=aaz Jo(?)] (8)
where N = 2M +1if N is odd and is equal to 2M if N is

even. Refer to [9] for details.

It is seen that the polynomial fy(t) realized has only
every other derivative of fo(t). Thus there may be stabil-
ity problems if this polynomial realizes an all-pole transfer
function.

3. THE MODIFIED NORMALIZED LATTICE
FILTER AND ITS LIMIT

fN®
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Figure 1. Modified normalized lattice filter; the pa-
rameters are time-varying.

To overcome the above problem, the approach we consider
is to modify the first stage of the normalized lattice filter.
Let the order recursions for the first stage of the modified
normalized lattice filter be

cos On (k) Fv (k) + sin O (k)b —1(k — 1)

fN—l(k) = K(k) (9)
I—>N(k) _ cos HN(k)I_JN_l (k I—{(IIZ)—- sin HN(k)fN(k), (10)
where K (k) is constrained by ‘
[K(k)—1] _
llsn—l-lo——_A—— =m(t), 0 <|m(t)|< oo,

------ Condition C1

Equation (1) for the order recursions of the normalized lat-
tice filter is used for stages 2 to N of this modified filter.
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That is, (1) is valid for n = N -2,N —3,.--,1,0. Thus
for the second stage, the lattice equations (1) hold with
n = N — 2. The first two stages of this modified filter is
shown in Figure 1.

The modified normalized lattice filter is now analyzed
in detail. For simplicity we drop the time dependence of
all time-varying parameters with the understanding that
they are all time-varying. From equations (9) and (10),
the modified normalized lattice filter is obtained in the FIR
form as

= Kfn-1(k sin fn

fu(k) = f:; 9115 ) + cos 0]; by-1(k—1)

- by_1(k—-1 sinfn -

b (K) 1\}(lcf)sezv ) cosﬂﬁ fr-a(k) (11)

Let fn-1(k) and bn—1(k) be expressed in terms of fo(k)
and its delayed versions as

N1
Z Bifo(k —3)

fyaa(k) =
-

by-a(k) = Z Bn-1-ifo(k — 1)
=0

i.e. we have assumed that the coefficients in the expressions
for fnv—1(k) and bn—1(k) are reversed of each other. This
assumption is valid since (1) is valid for n < N -2, for which
such reversal relationship is classical [5]. Substituting the
above two equations into (11), we obtain

KVt Bifo(k —4)

f—N(k) = i
sinfy =
+ Coseivv(;ﬂf"—l—if_o(k—-i_l))
N
£ Zdifo(k—i)
=0
i N-1, ¢ .
bn(k) = smeNz:ggo,iefo(k i)

N1 gn—1—ifolk —i— N
+ Lizo IBNchosf;L D) 2 Zdifo(k —1)

=0

From the above equations, it is clear that the coefficients
in the expressions for fn(k) and by (k) are not reversed of
each other. In fact, the coefficients in the expressions for
Fn(k) and by (k) are related as follows.

dy = Bosinn —d
cosfOn
d == ﬂ 5 - ,BO
° cosfn’ v Kcosfn
KBi+ Bn—isinfn . Pisinbn + ﬁp;(_.'
di = gy POt T
cosfn cosfn
i = 1,2,---,N-1
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The reflection coefficient for the first stage is defined as

a dn _ sin Oy
I'n= - K (12)

With this definition, the limiting conditions in Section 2
still hold. It is to be noted that fnx(k) is the optimal N-th
order forward prediction error but by{k) is not the optimal
N-th order backward prediction error. It can be shown
that the reflection coefficient T'y is still given by I'nv =
E{fn-1(k)bn_1(k-1)}

B{ff_,(k)}

Due to the modification and the above change in the rela-
tionship between I' y and sin 8y, a question naturally arises
as whether the modified normalized lattice filter can real-
ize an arbitrary all-pole ( or all-zero) transfer function. We
now give below, in algorithmic form, how to realize an ar-
bitrary all-pole transfer function in the discrete-time using

this new lattice structure. Let Dy{(z71) £ Ef'\-]_-o diz™"
and Dn(z7?) 2 E?Lo diz™".

Algorithm:
Given transfer function =

. 7(;1:1—), where A(z7') =
Ef—.o aiz~" is arbitrary with ap # 0.
Initialization: Calculate Dx(z~"!) by substituting

di = a;

Calculation of Reflection Coefficient: The reflection coeffi-
cient 'y is then computed as

T'n = sin = a—N-, cosfn = /1 —sin?fn
K ag

Computation of Dn(z~"): First compute

s s d

Next, solve the following set of equations for 3;

KBi+ Bn_isinfn
cosfn

=di=a;,1=12,---,N-1 (13)

We can choose K as K = 1+ mA. Then, the 8i’s calcu-
lated are used to compute

j, o Bisindn+ Enves
cosfn

Then form Dn(z7") = Y0 diz™"

Once Dy-1(z7') and Dy_1(z~?) have been computed,
the algorithm follows the same procedure as for the regu-
lar normalized lattice filter as in [6]. With the definition
of I'y in (12), DN_l(z—l) and bN_l(z_l) will have a de-
gree reduction of one from Dy(z~!) and Dy(z7). Also,
the coefficients in the polynomials Di(z7!) and Di(z71),
fors = 1,2,---,N — 1, will be reversed of each other.
Therefore #1—) is realized by this modified normalized
lattice filter. It can be shown that equation (13) will have
an unique solution if

K?*>1, |sindn]| < 1.

1943



We now proceed to manipulate equations (9), (10) and
the lattice equations for the second stage to obtain a limit-
ing structure for the first stage of the normalized lattice fil-
ter, since all other stages will still have the same continuous-
time limit as the conventional normalized lattice filter an-
alyzed in Section 2. Similar to the approach in Section 2,
we perform manipulations, similar to (1) to (3), on (9) and
(1). After some calculations, this gives

In(k+1) fu-a(k+1)
sinfn(k+1) sin n(k + 1) cosOn(k + 1)
(K(k+1)-1)
sin GN(IC + l)coseN(k + l)

sinfn-1(k) -
cosfOn(k + 1) fy-a (k)
(1= T3y (4)

sin On—1(k) cosBn(k + 1)

cosOn_1(k) 5
S (F)cos () M2 (F) (14)
With the definition of the reflection coefficient in (12), it
can be shown [9] that the following limiting conditions hold

lim sinfy(k) =
A—=0

. 1 — sin?® GN(k) b
i 1IN ) g () - me)

where m(t) is defined in Condition C1. Then the limit of
(14) is

fr-a(k+1)

Fu-a(k)

(D

1l

1 d
V26 (2) — 2m(1) ¢
—Y V‘ﬂv"l(t) fN 2(t)
Ve -am@®

——"—'(-t)——fN_l(t) (15)

\/261(t) — 2m(2)
Compared with (6), (15) has an additional term which is
the key in realizing an arbitrary all-pole transfer function.
A similar recursion for this stage has been seen in [4]. If one
forms the polynomial f () similar to (8), it will be seen
that the polynomial has every derivative of fo(t), unlike (8).
An important issue is how one goes about choosing K'(k).
This has been discussed in [9].

4. STABILITY ISSUES

Time-varying and time-invariant stabilities of the modified
normalized lattice filter and the limiting continuous-time
structure have been investigated in detail in [9]. Due to
limitations of space, the results are only presented here.
The modified normalized lattice filter is represented in a
state-space representation and the following result holds.
Theorem:

The time-varying modified normalized lattice filter is
BIBO stable in the discrete-time provided that the following
holds :

Fr(® = fr-a(t)

K*(k) >
|sina (k)] <

1 forall k,
1 forallkandn =1,2,---,N (16)
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Next, the stability of the limiting continuous-time struc-
ture is investigated. Consider the conditions

<mt)<V<oo, 0<ULE() LV < oo,
i <n) <V, i=1,2,---,N—1, forallt.
()

where all U’s and V’s are constants. For time-invariant
parameters, (17) are exactly the conditions for BIBO sta-
bility of the limiting continuous-time structure. For the
time-varying case, it can be shown that (17) guarantees
Lyapunov stability of the limiting continuous-time struc-
ture which means that the zero input recursion of the time-
varying limiting continuous-time structure obtained from
the modified normalized lattice filter could never go unsta-
ble. It can be shown that condition (17) gives time-varying
BIBO stability of the second-order limiting continuous-time
structure. It is seen that conditions (16) and (17) are equiv-
alent in the light of the limiting conditions (4).
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