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ABSTRACT

In this research, we propose a direct design method of
nonuniform filter banks (NUFBs). This method is based
on frequency domain constraints to eliminate the ampli-
tude and the aliasing distortions. Both NUFBs with integer
and rational sampling factors can be designed with common
procedure. Here, we also consider the design method which
requires only to solve linear equations iteratively. In our
proposed method, least square error of the perfect recon-
struction (PR) constraints is minimized without using the
nonlinear programing technique.

1. INTRODUCTION

Multirate filter banks have been well studied in recent years
and are used in various applications[1]. Especially, the de-
sign methods of uniform filter banks have been well es-
tablished. In some applications such as audio and speech
coding, however, the nonuniform division is desirable[2).
NUFBs have been considerd to meet this requirment|3].

The indirect method is known to be able to design PR
NUFBs for some cases. This method, however, is not op-
timal as pointed out in [5]. The design methods based on
modulation were reported in [6]-[8]. These methods are ef-
ficient but not exact reconstruction. The design method
of PR NUFBs was presented in [4] for biorthogonal case.
In [5], paraunitary NUFB was constructed using two trans-
forms. However, the NUFB with integer factor cannot be
designed because of a uniform filter bank containing the
shifted versions of the same filter.

In this research, we propose a direct method to design
PR NUFBs with rational and integer sampling factor. This
method is based on frequency domain constraints to elim-
inate the amplitude and the aliasing distortions. So we
can design PR NUFB directly and the same procedure is
applicable to both cases of integer and rational sampling
factor. We first formulate the least square error of the PR
constraints in quadratic forms of filter coeflicients vetors
of both analysis and synthesis filters. The cost function is
defined as this quadratic function. Then the minimization
method is derived. Since the cost function is formulated
in a quadratic form, one can iteratively solve for individual
variables while fixing the other one. The overall error can
be shown to be monotonously decreasing and optimal so-
lution can be found. By usig this method, we can obatain
LP biorthogonal NUFB without using nonlinear optimiza-
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Figure 1. M-channel nonuniform filter bank

tion. This method is also applicable to the LP paraunitary
NUFB design with some modifications. We also investigate
the nessesary conditions for linear phase PR NUFBs.

2. NONUNIFORM FILTER BANKS

Fig.1 shows a NUFB with rational sampling factor. We
assume that the p; and ¢; are coprime and the NUFB is
critically sampled, that is

Pi _
> =1 (1)

Note that the case that all p;,( = 0,1,---,M — 1) equale
to 1is called NUFB with integer sampling factor.

Let the Hi(2) and Fi(z) be the analysis and the synthesis
filters respectivly. The input signal X(z) and the output
signal X (z) are related as
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where W; = =727/t Thus the condition for elimination of
the amplitude distortion coresponds to the term of I = 0
and is expressed by
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where d is some positive integer. The condition for the
aliasing cancellation can be written as

pi—1

M-—1
r; l l . (Lexy
2 8 l_J — —)H; zl/"W‘. piri Wk
Z;p;qg (5] = DEGW, )

xFi(z'/%Wy,,) = 0, for 1=1,---,q—1, (4)

where ¢ is a least common multiple of ¢; and r;, = q/q
(i=0,1,---,M —1). v denosts a minimum integer which
makes (I+¢7v)/(piri) integer (v > 0). Eq.(3) and Eq.(4) are
the conditions for PR. In the next section we consider the
design method, i.e., how to minimize Eq.(3) and Eq.(4).

3. DESIGN OF LP PR NUFB

In this section, we present a new design method for
biorthogonal LP NUFB. We first formulate the PR con-
dition as a quadratic form of the filter coefficients vectors.
Then, the minimization procedure will be derived.

3.1. Quadratic formlation of the PR constraints

After this, we consider only the NUFB with integer sam-
pling factor for simplisity. It is clear that the same proce-
dure is applicable to the rational sampling factor case.

In our proposed method, the least square error of the PR
condition expressed by Eq.(3) and Eq.(4) are minimized. A
cost function & is defined as

®=3,+ &, (5)
- M—ll . . 2
¢, = a‘/o‘ {.Z:;aH.'(e )VF; (e )—l} dw, (6)
¢, =
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™M
where H}(e’“), Fy (e’*) represent zero frequency responses
as
Hi(¢™) = si (@)h, Fi(e™)=c{(W)fy,
where hi, f, represent the coefficients vectors of k-th anal-
ysis and synthesis filters, respectively and ci(w), si(w) are
appropriate trigonometrical vectors. a and 3 are weights for
amplitude distortion and aliasing distortion, respectively.
Now, define the coefficients vector as follows,

ho= AT AT R,
fo= [T

The first term of Eq.(5) can be rewritten using the matrix
form as,

&, = a/" (hTQ.f — 1} dw, (8)

where

Q, = block diag [al—so(w)cg‘(w) qlsl(w)cf(w)
] 1

sn-1(w)er1 (@)] -

) qM -1
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Moreover, Eq.(8) can be expanded as follows,

$, = hTth—2phh+a1r
= fTRsf —2p;f + o, (9)
where
R = «a / Q.ff7Qsdw Ry =a / Qr hhTQ, dw
0 0
P o= a / QTdo  p;=a / KT Q,dv,
0 0

The aliasing error ®, can be expressed in a similar way,

g—1 x
=pY [ QT do = KTTih= 57 T .
=1 Y0
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1 1
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The overall cost function ® = &, + ®; can be written as
follows,

<I>=hT‘Ilh—2p',1;h+a1r=fT®f—-2p";f+a1r, (11)
where
¥=R,+4+T;, and @:Rf-I-T_f,

which is in quadratic form of coefficient vectors.

3.2. Design algorithm of LP biorthogonal NUFB
The design procedure is as follows;

1. Design analysis filters using any suitable method such
as LMS, remez algorithm and so on.

2. Fix the coefficients of analysis filters h and then, cal-
culate synthesis filters f from Eq.(11)

3. Fix the coefficients of synthesis filters f to the value ob-
tained by the above equation. Then, calculate analysis
filters h in the same way.

4. Terminate if the cost function ® is small enough(® <
107'?), otherwise continue the algorithm (back to step
2)

The above algorithm yields LP biorthogonal NUFB and
it requires only solving linear equation iteratively. Conver-
gence of the algorithm is guaranteed and cost function can
be shown to be monotonously decreasing.
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Figure 2. (a) Analysis system. (b) Transformed
(transform 2 in [5]) analysis system.

3.3. Design of LP Paraunitary NUFB

The main difference between paraunitary and biorthogonal
filter bank is in the choice of synthesis system. In parauni-
tary case, synthesis system is time reversed version of the
analysis bank. In this case, one can use the same design al-
gorithm as in the previous subsection. The only difference
is that the coefficient vector is chosen to be the average of
hi(n) and f,(n) in each iteration. In other words, the av-
erage value of analysis and synthesis filters is used for hy
instead of solving it in the step 3.

hg+1) - (hi‘)+f£")/2
WY = 0 -1

for symmetric

for antisymmetric.

4. NESSESARY CONDITIONS FOR LINEAR
PHASE

In this section, we consider nessesary conditions for lin-
ear phase. In uniform case, such conditons have reported
in [9], however, it is difficult to derive them for all possi-
ble case of NUFBs. We consider here only the case that
intger sampling factor, ¢ is even and all ¢; are ¢/2 or q.
For example, [1/8 1/8 1/8 1/8 1/4 1/4] comes under this
classification. As shown in [5], this system can be trans-
formed into g-channel uniform FB as Fig.2. Therefore we
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can expect that the nessesary conditions can be derived in
a smilar manner.

Let the length of the ¢-th filter be L; = Kiq + 3, where
B, K; are positive integer and 0 < 8 < M, K; > 1. The
polyphase matrix of Fig.2 E(z) must satisfy the following
property for linear phase,

E(z) = DZ(2)E(z"")J(z) (12)
where,

-1
J(z) = [ =I5 Opxias) ],

Oq-prxs  Jo-s

2a . 2ag_1
Z(z) = diag [z_(Ko_l_Aql) veng (Kgo1—-1-—% )] ,
and D is a diagonal matrix whose entry is 1 when the corre-
sponding filter is symmetric and —1 when it is antisymmet-

ric. a; denotes the highest positive order of the i-th filter.
By taking the determinant of both sides of Eq.(12), we get

-1 . -1
|E(z)] = |D|z~Qaico KO¥e+g i, o
x |BE(z7h|(-1) 3070 (13)
When 2 = 1, following must hold,
ID|(-1)3+® =1, (14)

Since this equation is same as in [9], we can conclude that
there are gq/2 symmetric and ¢/2 antisymmetric filters if
B is even and there are g/2 + 1 symmetric and ¢/2 — 1
antisymmetric filters if 3 is odd.

Evaluating Eq.(13) at » = —1 gives

q-1 .. -t

(_1)—(2'.:0 K)+a+d Y 07 as _ 1 for even (3, (15)
a-1 .. -1

(_1)—(2.:0 Kd+etd 351y e -1 foroddpB. (16)

By noting that %EL—; a; is even when M is even or odd

when M is odd, we can get following results;
1. If 8 and M are even or 8 and M are odd,
must be even.

2. If B is odd and M is even or 8 is even and M is odd,
:.‘;01 K; must be odd.

q—1 K

=0 :

We must choose the length and symmetry acording as above
conditions. We can also derive the conditions for rest of
integer sampling factor case in a similar way, however, those
of rational sampling factor case is open problem.

5. EXAMPLE

A 6-channel LP paraunitary NUFB with integer sampling
factor was designed using our proposed method. The dec-
imation ratio is [1/8 1/8 1/8 1/8 1/4 1/4] and each filter
has length 12. The symmetry of each filter was chosen as [S
A S A S A]. It is clear that these specifications satisfy the
conditions for linear phase described in above section. Fig.3
and Fig.4 show a frequency response of the designed system
and coefficients of each filter, respectively. The error vs the
number of iterations is appeared in Fig.4. It can be seen
that the error decreases monotonously.
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Figure 3. Magnitude response plots for designed
system
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Figure 4. Coefficients of each filter

6. CONCLUSION

In this paper, we proposed a new approach to the design of
PR NUFBs with linear phase. Since our proposed method
minimizes the amplitude and the aliasing distortion in fre-
quency domain directly, one can design both NUFBs with
integer and rational sampling factors by the same porce-
dure. Besides, instead of applying nonlinear optimization,
the proposed method only solves a set of linear equations
iteratively. The iteration minimizes the PR constraints in-
stead of imposing PR as a design constraint. As a result,
more efficient method is obtained compared to any other
design methods. We also investigated the nesessary condi-
. tions for linear phase PR NUFBs.
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