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RBF network

N
y(x) = Z wn, n(X)
n=1

Gaussian BF:

_ lIx—=cnl]
pn(x) =e 20

cn, . .. hetwork centers
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RBF networks (cont.)

e Fixed centers (on hyper-grid)
e Fixed BF (Gaussian, same variance)

e Regularization

— Regqularization of matrix inversion during net-
work learning

— Generalized Regularization Networks (GRN,
Poggio&Girosi 89)

— Bayesian regularization (MacKay 92)
— Relevance Vector Machine (Tipping 01)
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Data model

Data model:

Ne
ti= > wnen(x) +6, ple) =N(0,07)

n=1

e Training data: input x; (dimension D), and
outputt¢;,:=1...P

e Network parameters
— N¢ and ¢y, () (fixed)
- w = [wy,ws, ... wy,]! (unknown)

e Noise variance o2 (unknown)
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Data model (cont)

e w and o2 are random variables
e () are Gaussian

e Prefer small weights (regularization/weight decay)

p(wla) = (%)_%exp (—g||wn2)

e Prior pdf for hyper-parameters o2 and «

1
_ ) x= a>0,
ple) = { 0 “ a < 0.
Bayesian learning:
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Bayesian training

p(w, o, 0%t) = p(wlt, o, %) p(e, o2|t)

1l NTS L
> = (izchcb +al)™ 1,
o

1
p=-—-3o't (1)

o

vAVbay — M
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Bayesian training (cont)

p(a, o[t) o< p(t|a, o%) p(a) p(c?)
Maximizing leads to update equations for the hyper-

parameters
new hi
a0 G A
plp
(Ly‘ew _ it — @p|?
o2 P—x ’
~ = N, — aTrace(X). (2)

Egs. 1 and 2 are iterated until hyper-parameters con-
verge.
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Relation to regularized RBF

networks

Besides the weights wy,, the Bayesian training algo-
rithm provides

e Regularization factor Apay = a0

compare eq. 1 to regularization:
— Regularized pseudo-inverse

Wreg = (®1® + A1) 1@l ¢
— GRN
Wreg = (@1 ® + A®p) 1@l t
e Estimate of noise level o2

e Needs no cross-validation (all training data can be

used)
N Erhard Rank
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Relation to relevance vector
machine

e Same priors (w, a, 09)

e Same optimization

e Only one « (variance of all weigths)

e NoO pruning

BN, e e oo
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Oscillator model

f (x[n]) -

e Modeling oscillatory systems
e f(x[n]) ...RBF network

e Rules to optimize embedding parameters M and D
(dimension of x[n])
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Lorenz system

d‘iiit) = —oxz(t) 4+ oy(t),
d%d_it) = —a(t)z(t) + ra(t) — y(t),
dzit) — 2(Dy(t) — bz (1),

Parameters: 0 = 10, b = 8/3 and r = 28

Lorenz

20 20
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N INSTITUT Erhard Rank
f FUR NACHRICHTENTECHNIK 12. 5. 2003

! UND HOCHFREQUENZTECHNIK -12 -



Lorenz system (cont)

Lorenz

s(nt,)

0 50 100 150 200 250 300 350 400

s(nt)
o

0 50 100 150 200 250 300 350 400
n

e Need regularization (Haykin&Principe 98)

e Does Bayesian training work (compared to cross-
validation)?
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Lorenz system (cont)

Oscillator model with RBF trained for varying SNR, with
different embedding dimension N and number of net-
work centers per dimension K
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Lorenz system (cont)

Reconstructed signals, N = 3, K = 4 (64 centers):

SNR=40 SNR=30
20 T T T T T T T 20 T T T T T T
e TN TR YW VT
23 WM VA 5 A ML
* oy W WA g WV W WY
20 0 5I0 1(I)0 1;0 2(I)0 2;0 3(I)0 3;0 400 20 0 5I0 1(I)0 léO 2(I)0 2;0 3(I)0 3;0 400
SNR=20 SNR=10
E%: | \ ”‘\ I/\ /WI \/\. | /\J/‘I I /WIJ/A\ I I3 ?%: | /\JI/\ /\ I \/\I /X /ﬂ‘l /’J\ | (-
VL TULRL ALY, QUL U S| Y/ O LT\ WLV, G 1V G
AT AR * I VS
20 0 5I0 l(!JO léO 2(;0 2;0 3(IJO 3;0 400 20 0 5I0 160 léO 260 2;0 380 3;0 400
P ””l" INSTITUT Erhard Rank
’ \ - FUR NACHRICHTENTECHNIK 12. 5. 2003
UND HOCHFREQUENZTECHNIK - 15 -



Lorenz system (cont)

Lorenz

s((n-M) t5)
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Lorenz system (cont)

Invariant measures, dp = 3 (since d¢ < 3)

SNR (dB) A1 Ao A3 diy
40 +2.13 -189 —-6.39 |204

35 +2.14 —-2.05 —-6.16 |201

30 +2.29 -2.13 —-6.32 |2.02

25 +2.30 —2.28 —-5.98 2.0
original +2.80 -0.27 —-6.32 2.4
analytic | +0.906 0 —14.575 | 2.06

C.f.: un-regularized RBF (Haykin&Principe)
dgp =5, A=[13.2,5.9,—-3.1,—-18.0, —47.1]
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Lorenz system (cont)

Comparison to cross-validation (SNR = 25 dB)

A (training length P) x-valid. error (\)
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Speech
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Speech (cont)

voiced la:/ el lo:/
SNRpay (dB) 25.4 29.8 36.1
Abay 221074 |3.310°1 | 15103
mixed Iw/ I3/ /z]
SNRpgy (dB) | 19.1 12.7 4.9
Abay 9.91072| 24107 ! 2.9
unvoiced /sl It/
SNRpay (dB) 5.5 0.39
Abay 2.0 88

Amount of regularization correlates with unvoiced exci-
tation
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Speech (cont)
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Speech (cont)

Audio examples:

e /o/ original/modeled
e /v/ original/modeled
e /3/ original/modeled

e /s/ original/modeled

More examples on
http://www.nt.tuwien.ac.at/ erank/work.
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file:/home/erhard/projects/Diss/Sig/o.wav
file:/home/erhard/projects/Diss/Sig/synth_N4_M13_K4_Nlpc26/o_out.wav
file:/home/erhard/projects/Diss/Sig/w.wav
file:/home/erhard/projects/Diss/Sig/synth_N4_M13_K4_Nlpc26/w_out.wav
file:/home/erhard/projects/Diss/Sig/Sch.wav
file:/home/erhard/projects/Diss/Sig/synth_N4_M13_K4_Nlpc26/Sch_out.wav
file:/home/erhard/projects/Diss/Sig/s.wav
file:/home/erhard/projects/Diss/Sig/synth_N4_M13_K4_Nlpc26/s_out.wav
http://www.nt.tuwien.ac.at/~erank/work

Summary

e Bayesian training of RBF networks
— lteratively assigns amount of regularization
— Estimates noise level
— No cross-validation data

e Models chaotic behavior of Lorenz system

e Models voiced part of speech signals
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