Maximally Decimated Filterbanks

Christian Gottlinger

May 15. 2007

«O)>» «F» «=)» 4«

it
it
u
N
0
i



Some Terms

2-Channel QMF-Banks
Errors Created In QMF-Banks
"Classic” QMF

Multi-Channel Filter Banks
Theory and Basic Transfer Functions
Polyphase Representation
Alias Free Systems
Perfect Reconstruction Filters

Summary

=] 5



Outline

Some Terms
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Summary

Some Terms

» Subband Coding: Dividing and reconstructing a signal
in/from multiple subbands.

» Maximally Decimated Filter Bank: The samplerates of the
subbands of a filter bank will be reduced to the Minimum
(2 - Nyquist-Frequency)

» Quadrature Mirror Filter (QMF): Early form of a 2-Channel
Maximally Decimated Filter Bank - aliasing is internally
permitted but cancelled at the output. Today also used very
generally for M-channel filter banks containing this concept.

Christian Gottlinger Maximally Decimated Filterbanks
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Errors Created In QMF-Banks
" Classic” QMF
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Figure 5.1-1 (a) The quadrature mirror filter bank and (b) typical magnitude
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Errors Created In QMF-Banks
" Classic” QMF

Errors Created In QMF-Banks 1

» Amplitude Distortions

» Phase Distortions

» Aliasing

» Coding and Quantization Artifacts
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Errors Created In QMF-Banks
" Classic” QMF

Errors Created In QMF-Banks 2
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Figure: Errors in Filter Banks
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Errors Created In QMF-Banks
" Classic” QMF

Transfer Function 1

A
- x(n)

<+——p Decimators Expanders <————p

Analysis Synthesis
bank bank
Xk(Z) = Hk(Z)X(Z) ,k=10,1

V(@) = SDX(eh) + X))
V() = Vil2) = (@)X (2) + Hi(-2)X( 2]
X(z) = Fo(2)Yo(2) + F(2)Yi(2)
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Errors Created In QMF-Banks
" Classic” QMF

Transfer Function 2

(@) = SlH()F() + B (AEIXE)
3 [Ho(—2)Fo(2) + Ha(~2) (X (~2)
Alz) = %[Ho(—z)Fo(z) + Hi(—z)F(z)] — 0 Aliasing TF

T(z) = %[Ho(z)Fo(z)—i—Hl(z)Fl(z)] Distortion TF

o & = =, Z|= Dac



Errors Created In QMF-Banks
" Classic” QMF

Aliasing Cancellation
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Figure 5.1-3  Various internal signals, and alias cancelation mechanism in the
QMF bank. (© Adopted from 1990 IEEE.)
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Errors Created In QMF-Banks
" Classic” QMF

Distortion-Free Conditions

if aliasing is cancelled:
X(e) = |T(e) |/ X (e/)

» Free from Amplitude Distortion:
|T(e)| =d, d#0 forallw
» Free from Phase Distortion:
d(w) = a+ bw, a,b= const
= only linear phase components
» Perfect Reconstruction (PR):
T(z) =cz~™, ¢ = const
= only a time delay
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Errors Created In QMF-Banks
" Classic” QMF

"Classic” QMF: Preferences

(@) = SlHole)Folz) + F(2)R(IX()
35 [Ho(—2)Fo(2) + H(~2) F(IX(~2)
Simple Choice:

Hi(z) = Ho(—2)
Fo(z) = Ho(z), Fi(z) = —Hi(z) = —Ho(-2)

T(2) = SIH()~ H(-2)]
Alz) = 0

o & = =, Z|= Dac



Errors Created In QMF-Banks
" Classic” QMF

"Classic" QMF: Eliminating Phase Distortion

T(2) = M)~ H(-2)]

Ho(z) = linear phase = H3(z) = linear phase
= H2(—z) = linear phase
= T(z) = linear phase

» Only possible with FIR-filters

» Just minimization of amplitude distortion possible,
eg. with costfunction |Hop(e/*)|? + |H1(e/¥)|? = 1
or other numerical solutions
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Errors Created In QMF-Banks
" Classic” QMF

"Classic” QMF: Eliminating Amplitude Distortion 1
= T(z) is allpass and IIR

T() = L)~ H(-)
not very usable = polyphase form:

Ho(z) = Eo(2%)+z 'Ei(2?)

T(2) = M)~ H(-2)]

T(z) = 2z 'Ey(2)Ei(2)

= Convolution of two allpass-filters is also an allpass-filter

= Eo(z) and E;(z) "just” have to be allpass
[m] = =



Errors Created In QMF-Banks
" Classic” QMF

'Classic” QMF: Eliminating Amplitude Distortion 2

(a)
A
x(n)

Analysis bank

Synthesis bank
Figure 5.2-2 (a) The complete QMF bank in polyphase form. (b) Rearrange-
ment using noble identities.
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Errors Created In QMF-Banks
" Classic” QMF

"Classic” QMF: Eliminating Amplitude Distortion 3

Necessary for deconstruction into 2 polyphase allpass filters:
» Power symmetric TF

o2
IHgtoon

» Symmetric numerator of TF
= Butterworth and Elliptic Filters are possible

= steep and very efficient filters, but inherent phase distortion

o =
Maximally Decimated Filterbanks



Errors Created In QMF-Banks
" Classic” QMF

"Classic” QMF: FIR Perfect Reconstruction

FIR power symmetric filter:

X(@2) = %[HO(Z)Hl(—Z)+H1(Z)Ho(—2)]X(Z)

Hi(z) = z NAy(-2), N > Order of Hy, N odd
Fo(z) = HY(1/z%), transpose conjugate . ..

X = -z"X(2)
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2-Channel QMF-Banks
Multi-Channel Filter Banks

Outline
Some Terms

Summary

Theory and Basic Transfer Functions
Polyphase Representation

Alias Free Systems
Perfect Reconstruction Filters

Structure
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Decimators  Expanders

Synthesis bank

The M-channel (or M-band) maximally decimated filter bank.
Also called M-channel QMF bank.

Christian Gottlinger

Maximally Decimated Filterbanks



Theory and Basic Transfer Functions
Polyphase Representation

Alias Free Systems

Perfect Reconstruction Filters

Basic Transfer Functions 1

M—-1
X = A2)X (W), W =e %
1=0
1 M—1
A/(Z) = M Hk(ZW )Fk(Z)
k=0

Aliasing is eliminated, if:

A(z) = 0 for1</<M—1
T(z) = Ao(z)= Z Hi(2)Fi(z)

" Choose synthesis filters Fj such that overlapplng terms cancel
out” [1] e



Basic Transfer Functions 2

Vector Form:

Ao(2) Ho(2) Hi(2)
A1(2) Ho(zW) Hy(zW)
M =
Au1(2) Ho(zWM 1) Hy(zWM~1))
MT(z) MAy(z)
0 0
t(z) = . = : =
. :

0
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Hp—1(2) Fo(z)
Hy—1(zW) Fi(2)
Hag_1(zWM=1) Fa_1(2)

for perfect reconstruction
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Theory and Basic Transfer Functions
Polyphase Representation

Alias Free Systems

Perfect Reconstruction Filters

Basic Transfer Functions 3

Objective:
H(z)-f(z) = t(2)
S fz) = Hl(2)()
f(z) = %t(z)
Problems:

» f(z) could be IIR, even if H(z) is FIR
» H(z) can be singular
» hard to design H(z) so that detH(z) is stable
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Theory and Basic Transfer Functions
Polyphase Representation

Alias Free Systems

Perfect Reconstruction Filters

Polyphase Representation Scheme

Delay chain
.

B (b)

Rm

)

Figure 5.5-3 (a) Polyphase representation of an M-channel maximally deci-
mated filter bank. (b) using noble identitites. (c) Further simplifi-
cation, where P(z) = R()E(z).
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Polyphase Representation
Alias Free Systems
Perfect Reconstruction Filters

Polyphase Representation: Analysis Bank

Type 1 Polyphase:

M—-1
—1
=2 7 Eu(z")
1=0
Ho(z) Eoo(z") Eo1(zM) Eom—1)(z")
Hi(z) Eo(z") En (") e Eym—1)(z")
Hy—1(2)

Em—10(z")  Em—1(z") Em—1m—1)(z")

h(z) = E(zM)e(z2)
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Polyphase Representation
Alias Free Systems
Perfect Reconstruction Filters

Polyphase Representation: Synthesis Bank

Type 2 Polyphase:

M-1
—(M—-1—1 M
Fu(z) = > 2 'Ri(z")
1=0
[ (2 AR - Fu-1(2) ]=
Roo(z") Ro1(z")
Rio(z") Ri1(z")
[Z—(M—l) ,—mM=2)

R(M—l’)O(ZM) R(M—l‘)l(ZM)
f7(z) = (2 M D)g(2)R(z")
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Alias Free Systems 1
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Figure 5.7-3 The equivalent circuit for the maximally decimated filter bank.

P(z) = R(2)E(2)
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Theory and Basic Transfer Functions
Polyphase Representation

Alias Free Systems

Perfect Reconstruction Filters

Alias Free Systems 2

M—1
" _ 1 k Kl M—1-
X(z) = Mk_OXzW)ZW Zz Iz~ )P, (zM)
1 M1 M—1
X(z) = =) X(=w* Wy,
) M= - ); l

Aliascancellation:

T

W= v, =0 forall k0
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Theory and Basic Transfer Functions
Polyphase Representation

Alias Free Systems

Perfect Reconstruction Filters

Alias Free Systems 3

M-1
S WV =0 forall k#0
1=0
i Vo(Z) Q
wh| & 0
L VM_l(Z) 0
Vo(z) Q
Vi(z 0
9w
L VM_l(Z) 0

Q is arbitrary, but unequal zero e



Alias Free Systems 4

M=3
Vo(z) 1 12 12 Q
Viiz) | =] 1 ed5 e 732 0
V2(Z) 1 e_j2T7r2 e_j2T7r4 0
= W(z) = Vi(z) = Va(z) = V(2)
Generally:

= Vi(z)=V(z) for0<I<M-1
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Theory and Basic Transfer Functions
Polyphase Representation

Alias Free Systems

Perfect Reconstruction Filters

Alias Free Systems 5: Structure of P 1

Vo(2) Vi(2) V2(2)
7Py 2(2%)
. Z_3P0’1(Z3) . +z‘3P1,2(z3)
Z_2P070(Z3) o +Z_2P1’1(Z3) o +Z_2P272(Z3)
+z71P1o(23) +z71P,1(23)
—I—ZO P27o(23)

Poo(2®) = P11(2%) = Po2(2*) = Po(2%)
P1’0(23) = P2,1(Z3) = Z_3P072(Z3) = Z_3P2(Z3)
P2’0(23) = Z_3P0’1(Z3) = Z_3P172(Z3) = Z_3P1(Z3)
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Theory and Basic Transfer Functions
Polyphase Representation

Alias Free Systems

Perfect Reconstruction Filters

Alias Free Systems 5: Structure of P 2

Po(2) Pi(z)  Pa(2)
P(z) =E(2)R(z) = | z71Px(z) Po(z) Pi(z)
z7IPi(z) z71Py(z) Po(z)

= every alias free system must have a pseudocirculant P-matrix
in polyphase form

Pseudocirculant Matrix:
every row is a right-shifted copy of the row before,
elements under the main diagonal possess an additional z~1
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Theory and Basic Transfer Functions
Polyphase Representation

Alias Free Systems

Perfect Reconstruction Filters

Perfect Reconstruction Filters: Objectives

» All filters should be FIR (polyphase decomposition is simple,
easy linear phase implementation)

» M can be arbitrary
» Hi(z) provides as much attentuation as the user specifies

» Implementation Cost: competitive with approximate
reconstruction systems
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Theory and Basic Transfer Functions
Polyphase Representation

Alias Free Systems

Perfect Reconstruction Filters

Perfect Reconstruction Filters: Structure of P
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Figure 5.7-3 The equivalent circuit for the maximally decimated filter bank.

Intuitive Solution:
P(z)=c-z"™l, mg > M for causality
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Perfect Reconstruction Filters: Structure of P 2

Most General Solution:

P()=czm| O lwxwmn | oo, cmi1czo
Al P

T(z) = cz "z~ (M=1) zmoM
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i
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Perfect Reconstruction Filters: Example

Easiest Configuration:

just delays, M=3

0 0 1
P(z) = ! z1 0 0 ]
0

0 z1

b(z) = P(z)c(z)
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Perfect Reconstruction Filters: Example 2

0 b0
x[n] o M= M ]
-1 -1
z z
et -1 b1
M~ z ™M
1 -1
z z
L) 1 X
c2 - b2
M z ™™ X[n]
0,3,6 0,0,0,1,0,0,4,0,0,0
..,0,1,2,3,4,5,6,0,... 0,25 0,0,0,0,0,0,3,0,0,6 0,0,0,0,0,1,2,3,4,5,6
014 0,0,0,0,0,0,2,0,0,5
0,1,2,3,4,5,6 0,14 0,0,0,0,0,1,0,0,4,0,0
0,0,1,23,4,56 0,0,3,6 0,0,0,0,0,0,0,3,0,0,6
0,0,0,1,2,3,4,56 0,0,2,5 0,0,0,0,0,0,2,0,0,5,0
«O>» «F>r «=Z>» «=)r» El= DA



Summary

These are the mathematical basics,
but there are countless possibilities for the design an
Implementation of a filter bank...

IEEE Explorer:

Maximally Decimated Filter Bank: 446 532 documents
QMF Bank: 1 566 306 documents
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Appendix: Phase Distortion

Filters Hy(z] (alue) and Hy-z){graen)

Ampltuds

Magntude in 4B

Phase in dsgress
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Fiters H2(e) (blue), HZ( 3(greon) and Tearod)

Ampltude
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Magnlude in 48
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