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Orthonormal Expansion

Sequence T[] is square-summable z[n] € 15(Z)
Expansion  [n] = > (ex[l], z[l)er[n] = D X[klek(n]
ke=z ke =z
Transform  X[k] = (erltl, «[t]) = > ¢nlt]x[l]
l

Orthonormality {(erln], ean]) = o[k — 1]

Conservation of energy ~ [|z]|* = || X||*

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Orthogonal: Example

¥0 1
2 / = Y0 = 2
2
I 1.5
i — = 1os5
0.5
’ Xo o = ( )
X 1
-1 1
¥1 Xl'Wl:(—O.S)
-1 0 1 2
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Biorthogonal Expansion

* Expansion xz[n] = Z(gk[l}?a:[l})@k[n]:ZX[M@;{M

kez keZ
= S @l wlenlnl = Y X[Klgxln]
keZ keZ

o Transform  X[k] = (o [l], 2[1]) and X[k] = (&[], z[1])

« Conservation of energy  ||z||> = (X[k], X[k])

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Biorthogonal: Example
¥0

| [ == ()

¥1

1 1
0
-1
-1 0 1 2
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Biorthogonal: Example
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Biorthogonal: Example
¥0

2 /
<k @ > =6(k =1
|0 Y1
<o, p0>=1
<¢0,91> =0
0 ~
<¢1,0> =0
<ep1,1>=1
-1 =
Y1
-1 0 1 2
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Biorthogonal: Example
¥0

2
; / < @1 > = 0(k —1)
$0 Y et

1
<o, 0> =1
<po,p1> =0

0

<¢1,60> =0

<ep,p1>=1
-1 951 ¢o=(;> <pl=(i>

. (-1 _ (2
-1 0 1 2 ‘P°_<1> L=\

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Biorthogonal: Example Reconstruction

©0
2 / 0
- = ( 0.5 )
|0 ©1
T ] = X[kewln]
keZ
0 X[k] = (@kll]. 2[1])
. zln] = Y X[K|gx[n]
951 R keZ
X[k] = (exll], 2[l])

-1 1 2
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Biorthogonal: Example Reconstruction

¥0
2
/‘ (o0
— — “~\os
@o| (0.5¢0 1
1 a——
N eln] =Y X[k|px[n]
keZ

-1 1 2
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Biorthogonal: Example Reconstruction

¥0
2
/ (o0
= *~\os
L ¥0 ¥1
i vn] = 3" X [Klxln]
keZ
. X[K] = (@ell), all])
X[0] = 0.5
* 31| X[1] = -0.5
-1 1 2
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
Advanced Signal Processing Seminar ﬂ-!rla‘z'l

Biorthogonal: Example Reconstruction

¥o

2 / 0

- m:<05>
|0 P1

- 2[n] =) X[klgxln]
keZ
0 X[k] = (e[l (1))
[0] = 0.5
B 31 X[1] =-05
-1 1 2

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Biorthogonal: Example Reconstruction
¥0

| AT -a=(s)

1@0 / ©1

0
B 31 X[1] =-05
-1 1 2
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Haar Expansion

* Basis functions

L =2k 2k 41 rel
Yo [n] = { \% ofhe;wis—e T parsln] = { —% n=2k+1,
’ 0 otherwise.
« Time-varying periodic
warn] = woln — 2k], @ari1ln] = w1n — 2k
1
+ Transform Y2t = (pu) = o (el2b] 4 ol2t 1))
1
X[2k+1] = (pops1,x) = Wi (az[?k} — 2k + 1])
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
Advanced Signal Processing Seminar ﬂ-!rla‘l'l
Haar Expansion & Filterbanks
1
: 1 _ = n= 0,
* Filter D A T AU D e
hon] 0 otherwise, hin] = " 1
0 otherwise.
holn] % z[n] . = [&ZZ ho2k — {J2[l] = %37[21{’] + %a’[?k + 1] = X[2k]

hy[n] % 2[n]

,71““ 1 .
n=2k B lezzhl[zl] B l]qm - 75‘1[2]‘] B ﬁ‘l [le + 1} = X[Zl\ + 1}

Filters hy[n] and h,[n] followed by downsampling by 2
implement 0 and ¥1

holn] = ¢ol—nl, hiln] = p1[—n]

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Time-Domain Analysis

wo(n]

: : ho[0)ho[—1] :
1o[0] X[0] hy[0)hq[—1] 2[0]
wl0] | _ | X[ ] _ p1ln] (1]
yo[l] X[2] eo[n] x[2]
y1[1] X3 h0[0]ho[—1] x[3]

. . hl[O}hl[f 1} :

N e
e1[n]

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
Advanced Signal Processing Seminar ﬂ-!rla‘l'l
Reconstruction

* Filter goln) = aln], g1[n] = @1 [n]

e Periodic  ¢2x[n] = goln — 2k|, pori1[n] = gi[n — 2k]

2] = 3 X[klgiln

keZ

= > X[2K|ealn] + Y X[2k + Lgarsi[n]
keZ keZ

= Z yolk]go[n — 2k + Z yi[klgi[n — 2k]
keZ kEZ

Upsampling by 2 followed by convolution with g;

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Filterbank
ho[m] @ ol @ golm]

x[n] — . (‘9_’19’[”]
Lt~ OO

 Synthesis Filter g; [n] = wi[n]

» Analysis Filter hi[n] = @;[—n]

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Filterbank

yolk] = X[2k] = %x[%] + \/%m[% +1]

. yolnl . [

x[n] — y[n]

S
St

ﬁ
S
S

S,

ot
V3 V2 / \_< V3 V2
— -1 _ 1
y1lk] = X[2k + 1] = —5z[2k] — a2k + 1]
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Expansion Example — Analysis Filter

15
js ;
05— R
Z o =
3 :
05— B
Sk :
s I I | | i i | |
0 5 10 15 20 25 30 35 40 45 50
T T T h il
gk X[nThn
£
)
£ 0
<
= L : 7
i i I i i i i i i
0 5 10 15 20 25 30 35 40 45 50
n
T T T T T T =
ok . e X[NI"h,[n]
= :
£ ole299s, 009999900, H : 000999900,
E © ®os85888860°° : °Tosss860°° d
= 4k : : : ! : i
1 1 1 1 1 1 1 L 1
0 5 10 15 20 25 30 35 40 45 50
n
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Haar

Downsampling

x[n]
T

Yolnl
T

20 25

y,4[n]
T
.
©
o
o

e e e

.9..9 9 o..

ae e e

20 25

. Stefan Mendel & Franz Zotter

22.5. 2007

Discrete-Time Bases and Filter Banks
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Filterbank

yolk] = X[2k] = %m[%] + %m[% +1]

AN
(OO

[L L] 1 L]
V2 V2 V2 V2
x[n] — y[n]
N
EEins. yamt e
yilk] = X[2k + 1] = %x[Qk] - %x[Qk +1]
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks

Advanced Signal Processing Seminar

25

Ty

Haar Example - Upsampling

x[n]
\\?\‘

o

Yoln!
T ? T

05—

E leefed
= [l X J L d .G.o‘.b.é.

°oeo°.'.'-’o°og.b.5-"909090709.9091

—e Upsampled y 1]

5 10

. Stefan Mendel & Franz Zotter

22.5. 2007 Discrete-Time Bases and Filter Banks
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Filterbank

x1[2k] = 1[2k + 1] = 3z[2k] + z[2k + 1]

volk] = X[2k] = Lw[2k] + Jswl2k + 1] |

O
OO

yilk] = X[2k 4+ 1] = \/%m[zk] - \/%m[zk +1] i i

x1[2k] = Lx[2k] — 3x[2k + 1

[

N
N

x[n] —

S
e

N

212k + 1] = —3z[2k] + dz[2k + 1]

22.5. 2007

. Stefan Mendel & Franz Zotter Discrete-Time Bases and Filter Banks
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Filterbank

21[2k + 1]

. yolnl . [

x[n] — g@-y[n]
OO

7 2

@] = Lz[2k] — Lz[2k + 1

212k + 1] = —3z[2k] + dz[2k + 1]

22.5. 2007

ﬁ
S
S

S
St

S
Nis
S

S

. Stefan Mendel & Franz Zotter Discrete-Time Bases and Filter Banks
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Filterbank

z1[2k + 1] = a2k + %w[@
OO |

x[n] — y[n]

x1[2k]

ﬁ
S
S

o lnl )
o il Qs
x1[2k] = Sa[2k] — 2z[2k + 1] I
212k + 1] = —32[2k] + dz[2k + 1
Stefan Mendel & Franz Zotter 22.5. 2007 ilter Banks
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Haar Example — Synthesis Filter
1k ' Upsampled y [n]j}
Eoo—o. i]ITT?‘i‘&s sioeTTTIT]TT,,
i L B
0 5 10 2 30 20 2 50
1k ! ! ] ' —e Upsampled y,[n]
E; o—oo8080oog383233.008080808000903.:gggeooba
1 e L : : H e u
5 10 1‘5 2 2 20 3 0 2 50
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Haar Example - Reconstruction

1+ ai | | ,,\‘ ;Xrec[n] |
£\ / X x,[n]
/ ‘ , \ —o X,I]
0.5} \ \ ,
/ /
\

BRI

-1 A8
0 10 20 30 40 50
n
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Sinc Expansion

X(el)]
/g\ T\‘

A
1 I"“\__,/"] —
N
Py e A M -
goln] = -L3inmm/2) g1ln] = £(~1)"go[—n + 1]

V2 /2 )
X&)

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Orthogonal Expansions - Summary
. Synthesis filter g;[n] = ;[n]
« Analysis filter h;[n] = g;[—n] = @;[—n]
» Expansions are periodically time- varying

» Haar expansion
— Good time resolution

* Sinc expansion
— Good frequency resolution

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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* Introduction
— Orthonormality
— Biorthogonality

» Orthonormal expansions and filter banks
— Haar expansion
— Sinc expansion

* Analysis of filter banks
— Time domain
— Modulation domain
— Polyphase domain
— Relations between time, modulation, and polyphase domain

* Results on filter banks
— Biorthogonal Relations
— Orthogonal Relations
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Analysis of Filter Banks: Time Domain

Yo[n]
— il =G )—C)
x[n] — yi[n
D—Q
* Analysis: ypln] = z[n] x hi[n] = < z[n], hy[-n] >

= hi[—n] = @,[n], i.e. non-causal filter

L—1—n
T_b

. N
°© Synthesis: - gbN4n]= 3 3 ylIN]-gy[mN—bN+n]
(from decimated y,) k=0 m=b—n/N
= giln] = ¢iln]
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Time Domain

Yo[n] .
ho[n] @ @ for)
z[n] — win i[n]

(- O—©)

» Synthesis/analysis: decimated, interlaced channels:

.Cf?l [’I’L]

Analysis: X =Ta-x Synthesis: y =Ts X
50[0] 2[0] (0] 50[0]
yo[2] *o =2 z[2] | wol2]
y1[2] z[3] z[3] y1(2]
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Time Domain

» Decimated, interlaced: Analysis

yoz[o] ho:[0]

hol~2]

holl—1] 0

0

T [:O]

0 ho[~1] 0.
y[0] | _ 0 hi[0] hi[-1] hy[-2] hi[l - L] 0 0 0.. z[1]
vo[2] 0 O 0 hol0] hol3—L] hol[2—L] ho[l—L] O .. z[2]
y1[2] 0 © 0 h1[0] hi[3—L] hi[2-L] m[1-L] 0.. z[3]
: : : : : S : : : : :
* Synthesis: T
5 o o o o .
TN w0 0] 0 0 TN
#[0] go[1] g1(1] 0 0 0]
#[1] 90(2] g1(2] 90l[0] 91[0] Z?[O
z2] [ = : : : : Yo[2
= L-1 L-1 L-3 L-3
I[:3] gol A ] a1l ] gg {L - 2] zi{L - 2} yl.[2]
: 0 0 golL —1] q1[L—1] :
0 0 0
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Time Domain

» Decimated, interlaced: Analysis

\ L LAl N
[wola] 0 [oo] o[ =TT ho[-2] R[I-I[] © 0 o...| (a0
y1[0 _ | ... 0 [Ai[O] Aq[-1] hq[-2] hi|l — L 0 0 0... z[1]
Lwf2ll] — | ... O 0 0 |_Aol0] hol3— L] hol[2 —L] ho[l —L]| O... z[2]
w2 .0 0 0 By [0] M3 =L m2—L mii—L] 0...] |=[3]
: : : : : : : : : :
y X
+ Synthesis: | ¢olnll 1ln] T,
A T
. 9o[U] 9110] 0 0 O\
s ol || @fy | _o 0 -U
#[1] 90[2] g12] 90[0] 9110] IZ? 5 |
a2l | = ; f 5 5 [vol2T]
7 golL — 11| |g1[L = 1]| | go[L = 3]| | g1 [L — 3]
el “o— o [l - 2] |z - 2] als
’ 0 0 golL —1]| |g1[L — 1] :
0 0 Y Y]
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Time Domain

» Perfect reconstruction: TsTa =1
(Biorthogonalipy) _
0 [Balol _hol-11 _hol-21 ... hol_—IL1] O 0 0...
0 [hlol _Ail=1] ml[=2] ... mll—L 0 0 0...
0 o0 0 hol0] s hol3—L1 o2 —T] holl—LI]0...|%
0 3= L

0 0 hi[0] ... h hi|l2—L| hi|1—L|] O ...

0 0 0 0
90l0] 9110] 0 0
go[1] g1[1] 0 0
go[2] a1[2] 90[0] 91(0]
: : : : =1
golL — 11| |g1[L — 11| | go[L — 3]} |g1[L — 3]
0] ] golL —2]| \q1[L — 2]
0 0 golL —1]| |g1[L — 1]
0 0 U 0
e Orthonormality: = :
— Analysis filters are time reversed synthesis filters
a=T;r, i.e. hi[n] = gp[—nl, and T;I‘TS=I
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Modulation Domain
» Aliased spectra by modulation: A decimation by 2 example

original

A,
S
A,

EIrP A

modulated

e IE ] = (41)" - aln] & X (52)

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Modulation Domain

» Aliased spectra by modulation: A decimation by 2 example
— Replacing decimation and upsampling by modulation

—[He0-O)—)— » —[Ha -0~}

(_ 1)77
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
41
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Analysis of Filter Banks: Modulation Domain

» Aliased spectra by modulation: A decimation by 2 example
— Replacing decimation and upsampling by modulation
— Employing modulated versions of the filter

—[HoH)—)— » —[ra -0~}

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Modulation Domain

* A 2-channel example:
— Replacing decimation+upsamling by modulation

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
43
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Analysis of Filter Banks: Modulation Domain

* A 2-channel example:

— Pulling modulated filters
into modulation path ~ *

(="

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Modulation Domain

* A 2-channel example:

— Pulling modulated filters
into modulation path ¥

v

x
(="
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Modulation Domain

* A 2-channel example:
— We finally get the system as matrix of modulated filters

Analysis:

Y(2) = 1 (Ho(Z) Ho(—z)> < X(2) )
Synthesis: 2 \Hi1(2) Hi(—2)) \X(-=2)

X(2) = (Go(2) G1(2)) Y(2) Han

(-1)"

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Modulation Domain

* A 2-channel example:
— We finally get the system as matrix of modulated filters

Analysis:

1 (Ho(Z) Ho(—z)> < X(2) )
Synthesis: 2 \H1(2) Hi(—2)) \X(-=)

X(2) = (Go(2) G1(2))

(_1)71
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
47
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Analysis of Filter Banks: Modulation Domain

* Perfect reconstruction:

(Biorthogonality)
1 Ho(z) Ho(—=2)\ [ X(2) )| L
2 (Goa) G1()) (Hl(z) H1<—z>) (X(—z>> =X

Hm 1:1 transfer function

Ho(z) Hop(—=
(Go(x) G1(2) (H§§Z§ H‘jE_Z§> =@
X (2)

1
= —
2

Hm Hy(2) ——]Gu(2)
Ho(—2) 1
FF—. | Hi(2) R L
* Orthonormality: O
== 1
(- b X2
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Modulation Domain

* Perfect reconstruction:

(Biorthogonality)
1 Ho(z) Ho(—2)\ [ X(2) )| L
2 (6o 6:) (103 1003) (4)) £ xe

X(-2)
Hm
1 Ho(z) Ho(—2)\ _
= > (GO(Z) Gl(z)) (Hl(z) Hi(=2)] — (1 @ no aliasing
Hm e
(; Hy(—z)
« Orthonormality: —
(7])7? X(—2)
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Modulation Domain

+ Perfect reconstruction:
(Biorthogonality)

1 ( Go(2)  Gi(2) ) <H0<z) Ho(—2)> ( X (2) > L ( X (2) )
2\Go(=2) Gi(=2)) \H1(2) Hi(-2)) \X(-2)) ~ \X(-2)

Gm Hm with mo_dul_ated

1( Go(z) Gi(2) \ (Ho(z) Ho(—2)\ _ : synlthe5|stf|lt?r?: |

2 \Go(—2) Gi1(—2)) \H1(2) Hi(-=2) - elegant notation:
Gm Hm

1
EGm(z)Hm(z) =1

* Orthonormality:

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Modulation Domain

+ Perfect reconstruction:
(Biorthogonality)

1 ( Go(2)  Gi(2) ) <H0<z) Ho(—2)> ( X (2) > L ( X (2) )
2\Go(=2) Gi(=2)) \H1(2) Hi(-2)) \X(-2)) ~ \X(-2)

Gm Hm with mo_dul_ated
1( Go(z) Gi(2) \ (Ho(z) Ho(—2)\ _ : synlthe5|st f||t?r?: |
> \Go(—2) G1(—2)) \Hi(z) Hy(—2) - elegant notation!
Gm Hm

1
EGm(z)Hm(z) =1

* Orthonormality:
— Analysis filters are time reversed synthesis filters

—aT(,-1 1 -
{}T is the hermitian transpose
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Modulation Domain

» Aliased spectra e ; jeep
by modulation: e 71T x[n] & X(ze 71T
(decimation

by N)

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Modulation Domain

» Aliased spectra
by modulation: single filter, decimation by N
— Replacing decimation and upsampling by modulation
— Pulling filters into modulation paths

H(ze‘jO")

ﬁg

*jOﬂ

e—j%"n H(Zeij%wﬁ

H(ze™ Nk")

7j%\7,rkn

£ 1 ' ' - (N 1)n \‘
H{(z) ~ H(ze % —
N
—J S (L-1)n

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Modulation Domain

» Aliased spectra
by modulation: N channel filter bank
— Modulation domain for N-channel filter banks

D o R e

HN_1<Z€7‘j0n)

HO(Ze—jQW"(N—l)n)
1 :
= v (V-1)
. % n %
e—jzﬁ"(L—l)n Hy- 1(26 N ) XNfl(Z)
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Modulation Domain

» Perfect reconstruction: arbitrary N-channel case
(Biorthogonality) . o
Go (e'fToz) Gn-1 (e'fToz)

with modulated
synthesis filters

1 X(efj%oz) | X(e’j%oz)
—Gm(z)Hn(z) - : = :
N X (e I5¥WN-1)2) X (e TEWN-1y)

Go (677%(/\(*1)2) Gn-1 (e’;%(Nfl)z)

1
—Gm-Hm =1
* Orthonormality:
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Modulation Domain

» Perfect reconstruction: arbitrary N-channel case
(Biorthogonality) . o
Go (e'fToz) Gn-1 (e'fToz)

with modulated
synthesis filters

1 X(efj%oz) \ X(e*j%oz)
—Gm(z)Hm(z) - : = :
N X (e I5WN-1)2) X (e TEWN-1y)

1

Go (e’j%(/\(*l)z) Gn_1 (e’}%(Nfl)z)

* Orthonormality:
— Analysis filters are time reversed synthesis filters

—aT(,-1 1 -
{}T is the hermitian transpose
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Polyphase Domain

* Polyphase implementation of anti-aliasing and
interpolation filters: A decimation by 2 example

(recall Mr. Saleem’s talk in 15t session)

=
~
5
N

1>

Q
2
w
N
I1>

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
57

_ . Ty

Advanced Signal Processing Seminar Grazm

Analysis of Filter Banks: Polyphase Domain

» Decimation and upsampling: 2-channel example

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Polyphase Domain

» Decimation and upsampling: 2-channel example
— Gathering common branches:

2 [~ Ho(z)
v —] Ho(2)
2 D Hul2)
Hu ()
Hoo(2) 9
Hm (Z)
Hw(Z)
Hy(2) D
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Polyphase Domain

» Decimation and upsampling: 2-channel example
— Gathering common branches:

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Polyphase Domain

» Decimation and upsampling: 2-channel example
— Gathering common branches:

2 [ Hoo(2) Goo(2)

= Hy (2 Go(2)

2 )= Hu(2) Gu(2)

Hii(z) Gu(z)

5

@

D —

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Polyphase Domain

* What's special about the “Polyphase-Domain”?

— We know what aliasing free polyphase transfer functions must look like:

Fo(2)  F(z) ... Fy-1(2)
, F(o) = | #F1(2) B Fn_2(2)
pseudo-circulant (2) C .

transfer function 2Fy_1(2) 2Fy(2) Fo(2)

No need for perfect
reconstruction here

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Polyphase Domain

» Decimation and upsampling: 2-channel example
— Analysis and Synthesis: ( ,2 is used in the full sampling rate domain)

Hio(2?) Hy1(22)) \=
Hp(Z)

~ Z2 Z2
£e= (1 ) (o) ol ved

Y(2) = (Hoo(zQ) H01(22)> <1> X(2)

Gp(2)
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
63
_ . Ty
Advanced Signal Processing Seminar Grazm

Analysis of Filter Banks: Polyphase Domain

» Perfect reconstruction: 2-channel example
(1 =) (Goo<z2> G10(22)> (Hoo(z2) Hm(z?)) (1) _q
Go1(2?) G11(z%)) \H10(z%) H11(z?)) \»

G Hy(2)
p(2) p(zc;p(z)Hp(z) =1

e Orthonormality:

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Polyphase Domain

» Perfect reconstruction: 2-channel example

(1 =) (Goo<z2> G10<z2>> (Hoo<z2> Hm(z?)) (1 0)21
Go1(22) G11(2%)) \H10(2?) H11(2?)) \0 =2

Gp(z) Hp(z)

e Orthonormality:
— Analysis filters are time reversed synthesis filters

Hp(z) = G (z"1) Gp(2)Gp(z1) =1

{}T is the hermitian transpose

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Polyphase Domain

» Perfect reconstruction: 2-channel example

(1 =) (Goo<z2> G10<z2>> (Hoo<z2> Hm(z?)) (1 0)21
Go1(2?) G11(2%)) \H10(22) H11(2?)) \0 =2

Gp(z) Hp(z)

e Orthonormality:
— Analysis filters are time reversed synthesis filters

Hp(:) =GIGY)  Gp()GEG ) =1

» Alias free:
Gp(z)Hp(z) pseudo-circulant

or det(Hp(z)) # 0, i.e. Hp(z) full rank

{}T is the hermitian transpose

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Analysis of Filter Banks: Polyphase Domain

e The results from the 2-

N-channel filter banks

channel case can be generalized to

T
()

. Stefan Mendel & Franz Zotter

22.5. 2007 Discrete-Time Bases and Filter Banks
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Relations between Modulation & Polyphase Domain

* Analysis

( Hoo(22) Ho1(z?) ) _
Hio(22) Hy1(2?)

l(Ho(z) Ho(—z)><1 1 ><1 0 )
2\ Hi(z) Hyi(—2) 1 -1 0 21

Hp(22)

» Synthesis

( Goo(22) Go1(2?) ) _
G10(z%) G11(2?)

Gp(22)

Hp(2)

1(1 o)<1 1 )(Go(z) GO(—z))
2\ 0 =2 1 -1 G1(2) G1(—2)

Gm(z)

. Stefan Mendel & Franz Zotter

22.5. 2007 Discrete-Time Bases and Filter Banks
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Relations between Time & Polyphase Domain

» Consider the time- domain synthesis matrix in the
frequency domain

( gol21] g1[21] )

_vK-1lqg..,— J—
Ts(2) =X,=g Siz Si= gol2i + 1] g1[2i 4+ 1]

Ts(2) = Gp(z)

* The same for the analysis matrix

_K-1pa i a — [ hol2(K—1i)—=1] ho[2(K —i)—2]
Tale) = Ximo A" A= ( MK —3) = 1] h[2(K — i) - 2] )

Tu(z) = 27 ETIH, (271 ( 2—1 é )

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Outline

* Introduction
— Orthonormality
— Biorthogonality

» Orthonormal expansions and filter banks
— Haar expansion
— Sinc expansion

* Analysis of filter banks
— Time domain
— Modulation domain
— Polyphase domain
— Relations between time, modulation, and polyphase domain

* Results on filter banks
— Biorthogonal Relations
— Orthogonal Relations

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Reconstruction

e Alias free reconstruction

» Perfect reconstruction

— Filter bank output is a possibly scaled and delayed

version of the input

X(2) =cz7FX(2)

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Alias- free Reconstruction

* Polyphase domain
— Transfer matrix T is pseudocirculant

() — Foj—i(2)  j=>1,
Fij(z) = { zFo Nyj—i(2) J<i.

— 2 channel case

_ [ Fo(z) Fi(2)
E (Z)—(zﬂw Fo(z))

» Polyphase analysis filters

— Determinant of H(z) is not identically zero, so that H,(z) has full rank

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Perfect Reconstruction

» FIR filter

— For a critically sampled FIR analysis filter bank, perfect
reconstruction with FIR filter is possible if and only if
det(H,(2)) is a pure delay.

— Cosine modulated filter banks
« Allfilters are calculated from one L=2N length prototype low-
pass filter hy-[n] by modulation [—%,ﬁ
« For perfect reconstruction ~ h2.[i] + h2,[N — 1 —i] =2
(power complementary)

» Cosine modulated filters form the orthonormal base:

1 2k+1
hili] = ——hypy[n] - cOS ( (2n— N + 1)71')
VN AN
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
73
_ - Ty
Advanced Signal Processing Seminar Grazm

Summary of Biorthongonality Relations

These statements are equivalent

1) < hi[-n],gj[n — Nm] >= §[i — j]6[m]
2) Ts - Tag=T4 Ts=1
3)  FGm(x)Hm(2) = ¥Hm(2)Gm(z) =1

4)  Gp(2)Hp(z) = Hp(2)Gp(z) =1

Biorthogonality is equal to perfect reconstruction

. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Summary of Orthonormality Relations

These statements are equivalent

1) < gilnl,g;ln + Nm] >= 6[i — j15[m]

2) T0.T,=T. Tl =1 Ta=T{

3) L1GL(:1)Gm(2) = LGL (" 1)Gm(z) =1 | Hm(2) = G (=™

4) GI(z"1)Gp(2) = Gp()GL(z"1) =1 Hp(2) = GL(z™1)
. Stefan Mendel & Franz Zotter 22.5. 2007 Discrete-Time Bases and Filter Banks
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Main Reference

M. Vetterli and J. Kovacevic:
Wavelets and subband coding
Prentice Hall, 1995.
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Thank you for your attention!

Please feel free to ask questions.
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